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ABSTRACT

In this work, we define and investigate Gaussian generalized Woodall numbers in detail, and focus on four
specific cases: Gaussian modified Woodall numbers, Gaussian modified Cullen numbers, Gaussian Woodall
numbers, and Gaussian Cullen numbers. We present some identities and matrices related to these sequences,
as well as recurrence relations, Binet's formulas, generating functions, Simpson’s formulas, and summation
formulas.
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1 INTRODUCTION

First, we recall some properties of generalized Woodall numbers. The generalized Woodall sequence {W,, },>0 =
{Wn(Wo, W1, Wa,5,—-8,4) },>0 is defined by the third-order recurrence relation as

Wn =5Wpn_1 —8Wpn_o +4W,, _3 (1 1)
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with the initial values W, W1, W5 not all being zero.

A generalized Woodall sequence {W,, }n>0 = {Wn(Wo, W1, W2, 5, —8,4) },>0 can be extended to negative subscripts
by defining

W_n = 2W,(n,1) - g
forn =1,2,3,.... Therefore, recurrence (1.1) holds for all integer n. For more details, see [48].

1
W_(n—2) + wa(n73)

Next, we give Binet formula of generalized Woodall numbers.

Theorem 1.1. [[48], Theorem 1.1] Binet formula of generalized Woodall numbers can be given as
Wy = (A1 + Aon) x 2" + A3

where A1, A and As are defined by

A = —Wo+4W;p — 3Wo,
Wy — 3W1 4+ 2Wy

AQ = f7

A3 = Wy —4W; + 4W07

that is,
Wo — 3W1 + 2W)

W, = ((7W2 + 4W7 — 3W0) + 5

n) x 2" + (Wy — 4W1 + 4W0). (1.2)
Here, o, 8 and v are the roots of the cubic equation
2 =5 48z —4=(x—2)°(x—1)=0,
where
a = p[B=2
ol 1.

Now, the first few generalized Woodall numbers with positive subscript and negative subscript are given in the
following table.

Table 1. The first few generalized Woodall numbers with positive subscript and negative subscript

Wy, W_,

Wo Wo

Wi i (8Wo — 5W1 + Wg)
Wao i (11Wo —9W7 + 2W2)

(52Wo —47W1 + 11W2)
(57Wo — 54W1 + 13Ws)
240Wo — 233W5 + 57W>)
247TWo — 243W41 + GOWQ)

4Wo — 8W1 + 5Wo %6
20Wo — 36W1 + 17TWs 6
68Wo — 116W4 + 49W5 o

196Wo — 324W1 + 129W2 &

DU W~ OIS

—_

1
4

Now, we define four specific cases of the sequence {W,,}.

The Woodall numbers {R,}, sometimes called Riesel numbers, and also called Cullen numbers of the second
kind, are numbers of the form

R,=nx2"-1.
The first few Woodall numbers are:

1,7,23,63, 159, 383,895, 2047, 4607, 10239, 22527, 49151, 106495, 229375, 491519, 1048575, . ..
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(sequence A003261 in the OEIS 43). Woodall numbers were first studied by Allan J. C. Cunningham and H. J.
Woodall in [12] in 1917, inspired by James Cullen’s earlier study of the similarly-defined Cullen numbers.
The Cullen numbers {C,,} are numbers of the form
Cn=nx2"+1.
The first few Cullen numbers are:
1,3,9,25,65, 161, 385, 897, 2049, 4609, 10241, 22529, 49153, 106497, 229377, 491521, ...
(sequence A002064 in the OEIS).
Woodall and Cullen sequences have been studied by many authors and more detail can be found in the extensive
literature dedicated to these sequences, see for example, [7],[8],[12],[211,[23],[25],[28],[33],[34],[35],[39] and references
therein.
Note that { R..} and {C} hold the following relations:
R, = 4R,_1—4R,—2—1,
C, = 4C,_1 —4Ch_2+1.
Note also that the sequences {R,} and {C,, } satisfy the following third order linear recurrences:
R, = bBRn-1—8Ry—2+4Rn3, Ro=-1,Ri=1R;=T, (1.3)
Cn = 5Ch_1—8Ch_2+4C,_3, Co=1,C1=3,C2=09. (1.4)

Modified Woodall sequence {G,}.>0 and modified Cullen sequence {H,}.>o are defined, respectively, by the
third-order recurrence relations,

Gn = b5Gn-1—8Gn_—2+4G,_3, Go = 0, Gy =1,G2 =5, (1 5)
H, = b5H,-1—8H,2+4H,_3, Ho=3,Hi =5 Hx=09. (16)
The sequences {Gr}n>0, {Hn}n>0, {Rn}tn>0 and {C,}»>0 can be extended to negative subscripts by defining,
5 1
Gn = 2G—(n—l) - ZG—(n—2) + ZG—(n—S)v
5 1
H_, = 2H (_1)— ZHf(n72) + ZHf(rhs),
5 1
R, = 2R_(n_1)— in(n72) + ZRf(n73)7
5 1
C—n = 207(77,71) - Zcf(n72) + ZC—(nfiiﬁ

forn =1, 2,3, ... respectively. Therefore, recurrences (1.3),(1.4), (1.5) and (1.6) hold for all integer n.

For all integers n, modified Woodall, modified Cullen, Woodall and Cullen numbers (using initial conditions in (1.2))
can be expressed using Binet’s formulas as

Gn = (n—1)2"+1,
H, = 241,

R, = nx2"-1,
Cn = nx2"+1,

respectively.

Now we give some information about Gaussian sequence from literature.
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« First we give Gaussian numbers with second order recurreance

Horadam [26] introduced Gussian Fibonacci numbers as
GFn:Fn‘f'anfl

where F,, = F,,—1 + F,_2, Fy = 0, F1 = 1 (in fact,he defined these numbers as GF,, = F,, + iF,—1
and he called these numbers as complex Fibonacci numbers.)

— Pethe and Horadam [36] introduced generalized Gaussian Fibonacci numbers
GF, =F, +iF,_1
where F,, = F,,_1 + Fp—2, Fo =0, F1 = 1.
— Halici and Oz [24] studied Gaussian Pell and Pell Lucas numbers by written, respectively,

GPn = Pn + 7:]Dn—h
GQn = Qn +iQn—17
where P, = 2P, 1+ Py—2, Ph=0,PL=1and @, =2Qn—1 + Qn—2, Qo =2, Q1 = 2.

— Asci and Grel [1] presented Gaussian Jacobsthal and Gaussian Jacobsthal Lucas numbers given
by, respectively,

G.]n = Jn + it]nfla
G]n = jn +jn71;

where J,, = Jn—1 4+ 2Jp—2, Jo =0, J1 =1 and jn, = jn-1 + 2jn-2, Jjo = 2, j1 = 1.
— Tasci [68] introduced and studied Gaussian Mersenne numbers and define by
GMn = Mn + 'L.Mnfl
where M, =3M,_1 — 2Mn72, M() = O, M, =1.

— Tasgi [66] introduced and studied Gaussian balancing and Lucas Balancing numbers and given by,
respectively,

GBn = Bn + iBn—h
Gcn - Cn + Cnfly

where B, =6B,_1 — ang7 By = 0, B =1 and Cn,=6C,_1— Cnfg, Co = 1, C; =3.
— Ertas and Yilmaz [2] studied Gaussian Oresme numbers and given by
GTn = Tn + Z'Tnfl

where Tw=Th_1— iTnfg, To = O7 T, = %

* Now, we present Gaussian numbers with third order reccurance relations.

— Soykan, Tasdemir, Okumus and Gdcen [45] presented Gaussian generalized Tribonacci numbers by
given
GWn = Wn + iWTL*l

where W,, = Wy_1 + Wn—_2 + W, _3, with the initial condition Woy, W1, Wa.
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— Tasci [67] studied Gaussian Padovan and Gaussian Pell- Padovan numbers by written, respectively,

GPn = Pn"‘ipnfh
GRn = Rn“!‘iRnfla

where P, = P,_2 + Pn73, Py = 1, P = 1, P, = 1, and R, = 2R,,_» +Rn73, Ry = 1, Ry = 1,
Ry =1.

— Cerda-Morales [9] defined Gaussian third-order Jacobsthal numbers by given
GJn = Jn + l‘Jnfl

where J,, = Jp—1 4+ Jn—2 +2Jp—3,J1 =0, 2 =1, Jo = 1.

2 GAUSSIAN GENERALIZED WOODALL NUMBERS

In this chapter, we define Gaussian generalized Woodall numbers and we give some properties.
Gaussian generalized Woodall numbers {GWy, }..>0 = {GW,(GWo, GW1, GW2) },.>0 are defined by

GWy, = 5GWi_1 — 8GWp_2 + 4GWi_3, 2.1)
with the initial conditions
GWo = Wo + i(i(8Wo —5W1 + Wa)), GW1 = Wi + iWo, GWa = Wa + iW,
not all being zero. The sequences {GW, }..>0 can be extended to negative subscripts by defining
GW = 26W (1) = 2GW () + 1GW ()
forn = 1,2, 3, .... Therefore, recurrence (2.1) hold for all integer n. Note that for n > 0, we get
GWyn =Wy +iWn_1 (2.2)

and
GW_p =W_p +iW_p_1. (2.3)

The first few generalized Gaussian Woodall numbers with positive subscript and negative subscript are given in
the following table.

Table 2. The first few generalized Gaussian Woodall numbers

n GW, GW_,

0 Wo + 15 (SW() — 5W1 + W2) Wo + 15 (8W0 — 5W1 + WQ)

1 Wi +1Wy i(8W0—5W1 +W2)+’L4 (11Wo 1% %4 —|—2W2)

2 Wy + W (11Wo —9W1 + 2W2) +i16 (52Wo —47TW1 + 11W2)
3 4Wo — 8W1 + 5Wo + iWs (52WO —47W1 + 11W2) =+ Z (57W0 — 54W7 + 13W2)

We consider four special cases of GW,, :

GWn( 1,5+ 1) = GG, is the sequence of Gaussian Modified Woodall numbers,
Wi (3 + 2, 5 + 3t,9 4 51) = GH, is the sequence of Gaussian Modified Cullen numbers,
Wa(—1— —1,7+1) = GR, is the sequence of Gaussian Woodall numbers and
GWn(l + ;z, 3 + 1,9 + 3i) = GC,, is the sequence of Gaussian Cullen numbers.
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We formally define them as follows. Four special cases of GW,, with the initial conditions are defined by

GG, = bGG,-1—8GG_2+ 4GYGY”_37 GGy = 0, GG = 1, GGy =5+ i,
GH, = b5GH,-1—8GH,_2+4GH,_3, GHo=3+4+2i,GHy =5+ 3i,GH2 =9 + 51,
GR, = b5GR,_1—8GR,_>+ 4(;1{“737 GRy = —-1— gi, GR1=1-— 7, GRy =7+ 7,
GC, = bGC,-1 —8GCH_2+4+4GCph_3, GCo =1+ %i, GC1=341,GCy =9+ 3i.
Note that for all integers n, we obtain

GGn = Gn + ’I:G’n—ly

GHn = H,+ iHn—lv

GRn = Rn + iRnfly

GC, = Cp+iCh_1.

The first few values of Gaussian Modified Woodall numbers, Gaussian Modified Cullen numbers, Gaussian Woodall
numbers and Gaussian Cullen numbers with positive and negative subscript are given in the following table.

Table 3. The first few values of special cases of generalized Gaussian Woodall numbers

n 0 1 2 3 4 5 6 7
GG, 0 1 5+ 17+5i 49+ 17i  129+49i 321+ 129i 769 + 321i
GG_, 0 14 144 14y L1y 1B,y STy 1y g Ay
GH,  3+2i 5+ 3i 9+5i  17+9 33+17i  65+33i  129+65i 257+ 129
GH_, 3+2i 2+ 3 3434 548 24k 1T 43y 34+ o2
GR, -—-1-3i 1-i T+i 23+7i  63+23i 159+63i 383+ 159i 895 + 383i
. . 1, 11 5. 5 37~ 37 35 35 135 135 33

GR., —l-3i —§-3i —3-%Fi F-3i —3-35i —-3-5 —F D3 D5 3
GC.  1+1%i 3+ 9+3  25+9i 65+25  161+65 385+ 161i 897 + 385i
GO_, 1+4+%i 141 $4+3 243y 342y T4y B2y 2+

We now present the Binet formula for the Gaussian generalized Woodall numbers.

Theorem 2.1. The Binet’s formula for the Gaussian generalized Woodall numbers is GW,, = (((=W2 + 4W; —
3Wo) + W2=3VAt2Wo n)om 4 (W — AW, + AWo)) + i(((—Wa + 4W1 — 3Wo) + T2=301E2Wo (5 — 1))2" 1 4 (W, —
4Wy + 4W0))

Proof. The proof follows from (1.2) and (2.2). O

The previous Theorem gives the following results, as special cases.

Corollary 2.2. For all n we have the following Binet's Formulas

(@) GG, =i2" ' (n—2)+2"(n—1)+1+i.

(b) GH,, = 2i2" ' +2x 2™ +1+1.

(€) GR,=i2" ' (n—-1)+2"n—1—i.

d) GC, =2 '(n—1)+2"n+1+i.

The following Theorem presents the generating function of Gaussian generalized Woodall numbers.

Theorem 2.3. The generating function of Gaussian generalized Woodall numbers is given as

_ GWo + (GW1 — 5GWo)z + (GW2 — 5GW1 + 8GWo)x?
o 1— 5z + 822 — 4a3 ’

fow,(z) =) GW,a"
n=0
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Proof. Let
fow, (@) = GW.z"
n=0

be generating function of Gaussian generalized Woodall numbers. Then using the definition of Gaussian Woodall
numbers, and substracting = f(z), 2> f(x) and z* f () from f(z) we obtain (note the shift in the index n in the third
line)

(1 — 5z + 827 — 42®) fow, ()

i GW,z" — 5z i GW,z" + 82> i GW,z" — 42> i GWpax™,

n=0 n=0 n=0 n=0
= i GWya" — 5 i GW,z"*! + 8 i GW,z"*? —4 i GWya"*?,
n=0 n=0 n=0 n=0

= GWpz" — 5 i GWy_1z2" + 8 i GWy_oz" — 4 i GW,_3z",

n=0 n=1 n=2 n=3
= (GWo + GWiz + GWaz?) — 5(GWoz + GWiz”) + 8GWoz”
+ ) (GWy = 5GWy1 + 8GWy—s — 4AGW,_5)a”,
n=3

= GWy+GWix + GWQl‘Q — 5GWox — 5GW11‘2 =+ 8GW0x27
= GWo+ (GW1 — 5GWo)x + (GWs — 5GW, + 8GWo)z>.

Now, it follows that

_ GWo + (GW1 — 5GWo)z + (GW2 — 5GW1 + 8GWo)x®
o 1— 5z + 822 — 4a3 '

few, (x)
This completes the proof. O

The previous Theorem gives the following results as particular examples:

Joen (@) = 1= 5;: 82522 — 4z 29

fom (2) = 8+ Giixj 5;(?8;7? if; 3+ 22‘7 2.6)
fon (@) = = (6+ 6;‘)_&:25:+(68;17iz‘3£3— 1— %i’ 27)
foon (@) = (242 2> — (24 i)z + 1+ %i‘ 2.8)

1— 5z + 8x2 — 423

3 SOME IDENTITIES RELATED TO GAUSSIAN MODIFIED WOODALL, GAUSSIAN
MODIFIED CULLEN, GAUSSIAN WOODALL AND GAUSSIAN CULLEN
NUMBERS

In this section, we obtain some identities on Gaussian modified Woodall, Gaussian modified Cullen, Gaussian
Woodall and Gaussian Cullen numbers.
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Theorem 3.1. The following equations hold for all integer n.

GH, = 2GGys — TGGrnir + 6GCr, (3.1)

GH, = 3GGnir — 10GC + 8GGn_1, (3.2)
GR, = —2GCry2 +8GCry1 — TGCy,

GG, = —%GC,LH n gGCnH, (3.3)

GC, = fZGRnw + 2Z7GRn+2 —6G Ry, (3.4)

GH, = —%GRn+3 n gGRn+2 —3GRni1, (3.5)

GH, = 5GGh — 16GGrn_1 + 12GGr_s. (3.6)

Proof. To proof identity (3.1), we can write
GH,, = aGGn+2 + bGG i1 + GGy,

and solving the system of equations

GHy = aGGs +bGG + CGGo,
GHi = aGG3+bGGy + CGGl,
GH; = aGG4+ bGG3 + cGGa.

We find that « = 2, b = —7, ¢ = 6. Or using the relations GH,, = H, + iH,-1, GG,, = G, + iG,_1 and identity
H, =2Gn42 — 7TGn41 + 6G,, we obtain the identity (3.1). The others can be found similarly. O

Lemma 3.2. Suppose that f(z) = ioj anz™ Is the generating function of the sequence {a.}n>0. Then the
n=0

generating functions of the sequences {azn }n>0 and {azn+1}n>0 are given as

fazn (@) = nz:%aznx" = w
and )
foania (@) = 3 oz’ = S I
respectively.

The next Theorem presents the generating functions of even and odd-indexed Gaussian generalized Woodall
sequences.

Theorem 3.3. The generating functions of the sequences GWs,, and GWa,,+1 are given by

 GWy — (9GW,y — GWa)x + (44GWy — 36GW1 + 8GW2)z?

Jowa, () 1— 9z + 2422 — 1623
and
5 (@) = GW1 + (4GWo — 17TGW; + 5GWa)x + (32GWo — 20G W, + 4GWo)xz?
GWont1 W) = 1 — 9z + 2422 — 1623
respectively.

Proof. Both statements are consequences of Lemma (3.2) applied to (2.4) and some lengthy algebraic calculations.
O

The previous theorem gives the following corollaries as particular examples.
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Corollary 3.4. We have the followings:

24+221)127(16+291)z+1+ i . —(24+4244) 2%+ (14+160)a+1—i

@) fory,(z 19242422 — 1623 and fGry, ., = () 1—9z+2422 1623

)=

(8+10)z* — Siz+1+1i 8+8i)z?—2z+3+
(b) fGC2n (33) 1— 91+241‘2 1623 and fGCZ'rL+1 (.’E) = (179;?Fx24123i16z;"
(c) fGGzn( )

(4+83) x>+ (5+i)x _ 4iz®4(845i)w+1
24420 —(18+134)x+3+2i 32424i)z2 —(28+18 5+3
(d) fo,, (r) = CH20 O8NS ang fo,, (o) = (22— @818 a0 150

1—92+2422 1623 and fGa, (z) = 1—9z+2422— 1623
1—9z+24x2 —16x3 1—92+24x2 —16x3

From Corollary (3.4) we can obtain the following corollary which presents the identities on Gaussian Woodall
sequences.

Corollary 3.5. We have the following identities:
(@) (44 8i)GHop—a+ (5+1)GHop_o = (24 + 200)GGan—a — (18 + 13i) GG2n—2 + (3 + 2i)GGap.
(b) (4 +8i) GHzp—3 + (5 + 1) GHzp—1 = (32 4 244) GGopn—s — (28 + 18i) GG2n—2 + (5 + 3i)GGan.
(€) — (24 + 24i) GGan—s + (14 + 16i) GGan—2 + (1 — i)GG2n = (4 + 8i)GR2n—3 + (5 + i) GRa2n—1.
(d) — (24 + 24i) GGon—3 + (14 + 16i) GG2n—1 + (1 — 1)GG2nt1 = 4iGR2p—3 + (8 + 51) GR2n—1 + GRant1.
(€) (8+10i) GGan-a — 2iGGan_2 + (1 + 3i)GGan = (4 + 81)GCopn—a + (5 + 1) GCap_s.
(f) (84 10i) GGan—s — 2iGGan—1 4 (1 + 2i)GGant1 = 4iGCon—s + (8 + 5i) GC2n—2 + GCap.
(9) (84 8i) GGan—a — 2GG2n—2 + (3+1)GG2n = (44 81)GCan—3 + (5+ 1) GCap_1.
(h) (8 +8i)GG2n—3 — 2GGon—1 + (3 +1)GGaont1 = 4iGCapn—3 + (8 + 5i) GC2n—1 + GC2pyp1.
(i) —(24+22i)GGan—s+ (16 + 20)GG2n—2 — (1 + 2i)GGan = (4 + 8iGRan—s + (5 + i) GRan—o.
() —(24+220)GGan—3 + (16 + Z2i)GGan-1 — (1 + 2i)GGany1 = 4iGRon—s + (8 + 5i) GRon—2 + GRan.
(K) 4iGHazp—a + (8 + 54) GH%_2 + GHay = (24 4 200) GGon—3 — (18 + 13i) GGap—1 + (3 + 21)GGan1.
() 4iGHazn—3 + (8 + 5i) GHan—1 + GHant1 = (32 + 244) GGan_3 — (28 + 18i) GGan—1 + (5 + 3i)GGan41.
(m) —(24+220)C(2n—3)+(16 + 2i) C(2n—1)—(1+24)C(2n+1) = (8 + 8i) R(2n—4)—2R(2n—2)+(3+1) R(2n).
(n) — (24 +24i) C(2n — 4) + (14 + 161) C(2n — 2) + (1 — §)C(2n) = (8 + 10i) R(2n — 3) — 3iR(2n — 1) + (1 +
1)R(2n + 1).
Proof. From (3.4) we obtain
(44 8i)2® + (54 1) x) fary, = (24 +20i) z* — (18 + 134) z 4 3 + 2i) faa,,, -
The LHS (left hand side) is equal to

LHS

(b+i)xz+(4+8)z ZGHQna:

= (5+1) ZGHzn:r +(4+8i)x ZGHznﬂf

n=0
= (5+4)) GHana""' + (44 8i) Z GHzna""
n=0 n=0

= (5 + ’L) Z GH2n72.Z‘n + (4 —+ 81) Z GH2n74l'n

n=1 n=2

= (5+i)GHox Y  GHap 23" + (4+8i) >  GHap az”

n=2 n=2

= (5+Z) (3+21)$+§:((4+82) GHop—4g + (5+Z) GHznfg)CL‘

n=2
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whereas the RHS is

RHS = (3+2i—(18+13i)x + (24 +20i) x ZGngm

n=0

= (3+2i) ZGGM — (18 4 13i) ZGGM + (24 + 20¢) QZGGQnm
n=0 n=0 n=0

= (3+2i) ) GGanz" — (18 +13i)

n=0

Ganz™ ™ + (24 4 20i) ZGG2n$

n=0

8 HMSS

= (3+2i) ZGGan — (18 4 13i) ZGG% 2™ + (24 + 204) ZGG%,M”
n=0 n=1 n=2

= (34 2i)(GGo + GGax) Z GGanz™ — (18 + 13i) (GGox) Z Gon_2z"

n=2

+(24 4 20i) Y GGapaz™

n=2

(3+20)5+i)z+ Y ((24+20i)GGan—a — (18 + 13i) GGan—2 + (3 + 20)GGan) 2"

n=2

Compare the coefficients and the proof of the first identity (a) is done. The other identities can be proved similarly.
(]
We present an identity related with Gaussian general Woodall numbers and Woodall numbers.

Theorem 3.6. For all n,m € Z, the following identity holds:

GWm.»,_n = Gm+1GWn =+ (—SGm —+ 4Gm_1)GWn_1 + 4G GW,y_s. (37)

Proof. First, we assume that m,n > 0. The other cases can be proved similarly. We prove the identity (3.7) by
induction on m. If m = 0 then

GW, = G1GW,, + (—8Go + 4G _1)GWi_1 + 4GoGW,_»

which is true because G_; = 0, Go = 0, G; = 1. Assume that the equaliy holds for m < k. Form = k + 1, we
have

GW(k+1)+n = bGWipiyr —8GWyik—1 +4GWyik_2

= 5(Gr41GWy 4+ (—=8Gr + 4G—1)GWy—1 + 4G GW,,_2)
—8(GkGW,, + (—8Gr-1 + 4Gi—2)GWy—1 + 4GK—1GW,_2)
+4(Gr—1GWy + (—8Gk—2 + 4Gk—3)GWr_1 + 4G 2GW,_2)

= (5Grs1 —8Gr +4Gk-1)GWy + (—8(Gr + Gr—1 + Gr—2)
+4(Gr-1+ Gr—2 + G-3))GWn_1 + 4(G + Gr—1 + Gr—2)GWn_2

= Gr42GWip + (—8Gk41 + 4GK)GWiy1 + 4G+1GWi o

= Glusty 1 GWa + (—8Gki1 + 4G (1) 1) GWa—1 + 4G 11G Wi s,

By mathematical induction on m, this proves (3.6). O

The previous Theorem gives the following results as particular examples:
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For all n, m € Z, we have ( taking GW,, = GG,, or GW,, = GH,, or GW,, = GR,, or GW,, = GC,, )

GGmin = Gumi1GGp+ (—8Gm +4Gp-1)GGr-1 + 4G GGr—a,
GHpmin = Gm41GHp+ (—8Gm +4Gp-1)GHyo1 + 4G GHy—o,
GRmin = Gmy1GRn+ (—8Gm +4Gm-1)GRn-1 + 4G GRy 2,
GCrmin = Gmy1GCh + (—8Gm 4+ 4Gm-1)GCr-1 + 4G GCr_s.

4 SIMPSON’S FORMULA

In this chapter, we present Simpson’s formula of generalized Gaussian Woodall numbers.

Theorem 4.1. (Simpson’s formula of generalized Gaussian Woodall numbers). For all integers n, we have

GW> GW1 GW,
GWl GWO GW_1
GWO GW71 GW72
1 7 1
= (g0 T s00¢ - = 2 — 143 —(3—213
(500 T 500 (Wo = Wi+ 7W2)(( P)Wo — (3 — 21)) W)
+(1 = 7i)Wa)?.

GWn+2 GWn+1 GWn
GWpi1  GWn  GWya
GWn GWn—l GWn72

= 4”

Proof. Use [[46],Theorem 3.1]. O
From the Theorem (4.1) we get the following corollary.

Corollary 4.2. For all integer n, we get the following identities.

(@ | GGry1 GG  GGnoq | =(1—Ti)22" %

GGri2 GGuni1 GGy
GGn  GGno1 GGnos

GHn+2 GH'rH—l GHTL
(b) | GH,y1 GH, GHn,—1 |=0.
GHn GHn—l GHn—Q

GRny2 GRay1 GR,

(€) | GRoy1  GR, GRuy-1 | =—(1-Ti)22" 4,
GR, GR,-1 GR,_>
GCryz GCny1 GO,

d) | GChy1  GCn  GCpoq | = (1—Ti)2% 4
GC, GCn-1 GCn s

5 SUM FORMULAS

In this chapter, we give some sum formulas of generalized Gaussian Woodall numbers.

Theorem 5.1. For all integers n > 0, we have the following formulas:

(@ >Sr_ GWi=sWa(2n—2"""(n—1)+2"" (n —2) +6) — Wi (8n — 2" (3n — 5) +2"*3(3n — 8) + 22) +
Wo(4n — 2" (n—2) 42" (n —3) +9) +i(1 (28 4+ 16n — 5 x 2" T2 42" ") Wy 4 (=33 — 16n+ 7 x 272 —
3 x 2" )Wy + (9 + 4n — 273 4 2" i) T).
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(b) >op_ o GWary1 = = Wa(18n—2*"3(2n 4 1) +2°"F5(2n — 1) +40) — £ W1 (72n — 2*"+3(6n 4 1) +2°" 5 (6n —
5) + 150) + § Wo(36n + 22" 5(2n — 2) — 2 x 2°" 3 4+ 64) + i(§ Wo (36n — 2°" 12 (2n — 1) + 274 (2n — 3) +
53) — = Wi (72n — 2°"72(6n — 2) + 22" (6n — 8) + 120) + £ W2 (18n + 22" (2n — 2) — 2 x 2°"2n 4 32)).

(€) Yh_o GWar = Wy (36mn—22""2(2n— 1) +2°""4(2n — 3) +53) — = W1 (720 — 2°"+2(6n — 2) +2°" T4 (6n — 8) +
120) + 1 Wa(18n+ 22" (2n — 2) — 2 x 22" 20+ 32) +i(($ Wo (36n — 2% (20— 2) + 27773 (2n — 4) + 46) +
=W ((18n — 22" (2n — 1) +2°"*3(2n — 3) + 22) — LW1(72n — 2°"T1 (6n — 5) + 22" 3 (6n — 11) + 22%)).

Proof.

(a) When we use (2.2),
S G =3 Wi > Wi,
k=0 k=0 k=0
So, then we obtain
Wi = %WQ(zn — 2" = 1)+ 2" (n — 2) 4+ 6) — %W1(8n — 2" (3n — 5) + 2" (3n — 8) + 22)
k=0

+Wo(dn — 2" (n — 2) + 2" (n — 3) +9))

1
> Wi = (5((28+16n—5x 2" L "2 W 4 (=33 — 16n+ 7 x 2"T2 — 3 x 2" )W,y
+(9 4+ 4n — 2" L 2" )WL)
from sum formulas on the Generalized Woodall Sequence article. We get
= 1 1
Y ewip = 5 Wa(2n - 2" (n —1) 4+ 2" (n — 2) +6) — ZWi(Bn — 2"t (3n — 5) + 2" (3n — 8) 4+ 22)
k=0
1
+Wo(4n — 2" (n —2) + 2" (n — 3) +9)) + i(((28+16n -5 x 2" L o2 W,
+(=33 —16n 47 x 2" — 3 x 2" T )Wy + (9 + 4n — 272 4 27T In) W),

(b) When we use (2.1), we obtain the following equalities: If we rearrange the above equalities, we obtain. Now,
if we add the above equations by side by, we get

Z GWapy1 = Z Waks1 +4 z Wa,
k=0 k=0 k=0

and so we know
= 1 . 1 .
> Wapn = TgWa(18n — 2273 (20 + 1) + 2275 (20 — 1) 4 40) — gWi(72n - 22" 3 (6n + 1)
k=0
1
+22"5(6n — 5) + 150) + g Wo(36n + 22" 5 (2n — 2) — 2 x 2°"T3n 4 64)
and

> Wa = ((%WO(BGn —22"F2(2p, — 1) 4+ 2" (2n — 3) + 53) — ligwl(mn — 27" (6 — 2)
k=0

1
+22" 4 (6n — 8) + 120) + 15 Wa(18n + 22" (2n — 2) — 2 x 22" %n 4 32)).
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We get
kzn: GWarpr = %SWQ(ISn — 273 (20 4+ 1) + 2°"F%(2n — 1) + 40) — Tlgwl(nn — 27" (6n 4+ 1)
=0
+27H5 (60— 5) + 150) + SWo(36n + 2272 — 2) — 2 x 2+ 64)
+i(($WO (36n — 2*"*2(2n — 1) + 2°"(2n — 3) + 53) — 1*18W1(72” =27 (6n - 2)
+22" 4 (6n — 8) + 120) + %Wz(lsn +277% (20 — 2) — 2 x 27" 4 32)).
(c) We know
kzn: Wop, = ((%WO(SGn — 22" ((2n — 1) + 2°"*((2n — 3) + 53) — %Wl('??ﬂ = 2% (6n - 2)
=0
227 (60, — 8) + 120) + %WQ(lsn +27 (20 — 2) — 2 % 22720 + 32))
and
an: War—1 = (%Wo(36n —2°" (20 — 2) + 2273 (20 — 4) + 46) + %8%(181I =2 (20 - 1)
=0
12203 (9 — 3) & %) - %Wl(m — 22" (6n — 5) + 27" (6n — 11) + %D-
So we know " n n
S GWak =Y War+i Y Wak-1.
k=0 k=0 k=0
We get
i CWay, = éWo(36n =277 (20 — 1) +2°"" (20 - 3) + 53) — %Wl(nn -2 (6n - 2)
k=0

+22"4(6n — 8) + 120) + 1—18W2(18n + 27 (2n — 2) — 2 x 22T 4 32)

—|—i(éWo(36n — 22" (2n — 2) + 22" (2n — 4) + 46) + %Wg((lfin — 2"t (2n - 1)

1
+2°7% (20 — 3) + % = 1gWi(72n = 2" (6n — 5) + 27" (6n — 11) + %))'

This completes the proof. [

As special cases of above Theorem, we have the following four Corollary, we get the following corollary:
First, taking GW,, = GG, with GGy = 0,GG1 = 1,GG2 =5 + 1.

Corollary 5.2. (Sum of the Gaussian modified Woodall numbers). Forn > 0 we have the following formulas:
(@ >r_ GGr=(1+i)n+(2+14)2"n — (4+ 30)2" + (4 + 3i).

(b) >3 o GGart1 = 3((5 + Ji)n — (4 + 50)2°" + (12 4 6i)2°"n + (2 + 51)).

(€©) Sp_ o GGar = 2((3 4 Ji)n — (5+44)2°™ + (6 4 3i)2°"n + (5 + 49)).

Second, taking GW,, = GH,, with GHy = 3 + 2i,GH, = 5 + 3i, GH> = 9 + 5i. We have the following corollary:

Corollary 5.3. (Sum of the Gaussian modified Cullen numbers). Forn > 0 we have the following formulas:
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(@ Yp  GHy=2""4+n—1+i(n+2"").

(b) >Sp_ o GHapp1 = 22" +3n — 1) +i(3 (2" + 3n + 1)).

(€) >r_oGHar = 222" 4 3n+ 1) +i(n+ $2°"T2 + 2).

Third, taking GW,, = GR,, with GRy = —1 — %i, GRy =1—14,GRy = 7+ i. We get the following corollary:
Corollary 5.4. (Sum of the Gaussian Woodall numbers). Forn > 0 we have the following formulas:

(@ >r  GRr=(n—-1)2"" =1 +i2""' (n—1)—n—2"n+3).

(b) >p_ o GRoks1 = 5((6n+1)2°" —9n 4+ 1) +i(3((3n — 1)2°"3 — 9n — 1)).

(€) >p_oGRok = 5((3n—1)2°""° —9n — 1) +i(52*" T3 2n — 1) — 12" 2n+ 1) —n — ).
Fourth, taking GW,, = GC,, with GCo = 1+ 3i, GC1 = 3 + i, GC2 = 9 + 3i. We have the following corollary:
Corollary 5.5. (Sum of the Gaussian Cullen numbers). Forn > 0 we have the following formulas:

@ >;  GCr=m—-12""+n+3+in+2""" (n—1)—2"n+ 3).

(b) Yh_ o GCary1 = 5((6n+1)2°" + 9n +19) +i(5((3n — 1)2°"*% + 9n + 17)).

(©) Yh o GCak = 2((5 4 Ji)n — (4+50) 2" + (12 + 60) 2°"n + (5 + 2i)).

6 MATRIX FORMULATION OF G,
Consider the sequence {G,,} which is defined by the third-order recurrence relation
Gn = 5Gn71 - 8Gn72 + 4Gn73

with the initial conditions
Go=0,G1 =1,G2 = 5.

We define the square matrix A of order 3 as

such that det A = 1. We give the following Lemma.

Lemma 6.1. Forn > 0 the following identity is true

GWhio 5 -8 4\" [/ GW,
GWasr |=1 1 0 0 GW; |.
GW,, 0 1 0 GW,

Proof. The Lemma (6.1) equality can be proved by strong induction on n. If n = 0 we obtain

GWiyo 5 -8 4\°/ GWs
GWnir | =11 0 0 GW,
GW, 0 1 0 GWo

which is true. We assume that the identity given holds for n < k. So that the following identity is true.
GWiia 5 —8 4\" [ GW,
GWnei =1 0 o0 awy | .
GW, 0 1 0 GWoy
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Forn =k + 1, we get

5 -8 4\"" /oW, 5 -8 4 5 -8 4\"/ aws
1 0 0 W, - 1 0 0 1 0 0 W,
0 1 0 W, 0 1 0 0 1 0 GWo

5 -8 4 CWieso

1 0 0 GWii1

0 1 0 GWi

GWiqo
GWiy1

GWiys
GW}C+2 .

GWit1

5GWii2 — 8GWii1 + 4GWy )

(
-
(
(

Consequently, by induction on n, the proof is finished. [

Note that

Gn+1 _8Gn + 4Gn—1 Gn
An = Gn _8Gn71 + 4Gn72 anl .
anl _SGn72 + 4Gn73 Gn72

For the proof see [47].

Theorem 6.2. We assume that the matrices Nocw and Ecw are defined as follows

GW2 GW1 GWO
Now = GWy GWy GW_; s

GWo GW_1 GW_,

GGny2 GGpy1 GG,
Eew = GGny1 GG, GG,_1 |.
GGn GGno1 GGr_2
The following identity is true between A™, New and Ecw .

A"New = Ecw.

Proof. Note that one gets

Gn+1 —8G, +4G, -1 Gn GWs, GWh GWy
AnNGW = Gn —8Gn_1+4G,_2 Gn_1 GWh GWy GW_4
Gn-1 —8Gn-—2+4Gn_3 Gn_2 GWy GW_1 GW_y

ailr a2 ais
= azr Q22 Q23
asi  az2  ass
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such that

a12
a13
a21
a22
a23
@31
asz2

ass

GW2Gry1 + GW1 (4Gn—1 — 8Gr) + GWoG,,
GWiGrir + GWo (4Gn—1 — 8G) + GW_1Go,
CWoGnis + GW_1 (AGn_1 — 8Gn) + GW_sGhn,
GWaGln + GWi (4G — 8G_1) + GWoGn_1,
GW1Gr + GWo (4Gn—2 — 8Gn-1) + GW_1Gp_1,
GWoGn + GW_1 (4G 2 — 8Gn_1) + GW_2G_1,
GWaGr + GW1 (4Gn—3 — 8Gn_3) + GWoGn_s,
GW1Gr + GWo (4G—3 — 8Gn—2) + GW_1Gr_s,
CWoGnr + GW_1 (4Gn_3 — 8Gn_2) + GW_sGlr_s.

Using the Theorem (3.6) the proof is completed. O

We have the following identities for Now, Eaw :

54+i 1 0 9+5i 5+3i 342
Nea = 1 0 1i ., Negmw=| 5+3i 3+2 2+32i |,
0 11 2+3i 342 2430 3424
T4 1—i —1-2%i 94+3i 340 1+4i
Ngr = 1—4  —-1-32%i —-3-34 ., Nec=| 3+i 1+%i L+2i |].
S I B LN B R R
and
GGny2 GGrpi1 GG, GHny2 GHn41 GH,
EGG - GGn+1 GGn Ganl , EGH = GHn+1 GHn GHn71 s
GGn GGno1 GGp_s GH, GHn,_1 GH,_>
GRnt2 GRn.11  GR, GCri2s GCuy1 GO,
Ecr=| GRay1 GR, GR._1 , Egc=| GCny1 GC, GChq |.
GR, GR,—-1 GRn_2 GC, GCno1 GCh_s

From the previous theorem presents, we have the following corollary.

Corollary 6.3. The following identities are true:

(a) A"NgG = Ega.
(b) ANy = Ecn.
(¢) A"Ngr = Egr.
(d) A"Nge = Ege.

7 CONCLUSIONS

Recently, there have been so many studies of the
sequences of numbers in the literature that concern
about subsequences of the Horadam numbers and
generalized third-order Pell numbers such as Fibonacci,
Lucas, Pell and Jacobsthal numbers; third-order Pell,
third-order Pell-Lucas, Padovan, Perrin, Padovan-
Perrin, Narayana, third order Jacobsthal and third order
Jacobsthal-Lucas numbers. The sequences of numbers

were widely used in many research areas, such as
physics, engineering, architecture, nature and art.

* In section 1, we present some background about
the Gaussian generalized Woodall numbers
and give some information about Gaussian
sequences from literature.

* In section 2, we define Gaussian generalized
Woodall numbers and give some proporties such
as Binet’s formula and generating function.

* In section 3,we present some identities, using
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reccurance relation and generating function, on
Gaussian modified Woodall, Gaussian modified
Cullen, Gaussian Woodall, Gaussian Cullen
numbers.

In section 4, we give Simpson’s formula of
Gaussian generalized Woodall numbers.

In section 5, we identify some sum formulas of
Gaussian generalized Woodall numbers.

In section 6, We give the square matrix A™ using
modified Woodall sequence {G,} and present
some identies abouth Gaussian generalized
Woodall numbers.

Linear recurrence relations (sequences) have many

applications.

Next, we list applications of sequences

which are linear recurrence relations.

First, we present some applications of second order
sequences.

For the applications of Gaussian Fibonacci and
Gaussian Lucas numbers to Pauli Fibonacci and
Pauli Lucas quaternions, see [3].

For the application of Pell Numbers to the
solutions of three-dimensional difference
equation systems, see [6].

For the application of Jacobsthal numbers to
special matrices, see [71].

For the application of generalized k-order
Fibonacci numbers to hybrid quaternions, see
[22].

For the applications of Fibonacci and Lucas
numbers to Split Complex Bi-Periodic numbers,
see [72].

For the applications of generalized bivariate
Fibonacci and Lucas polynomials to matrix
polynomials, see [73].

For the applications of generalized Fibonacci
numbers to binomial sums, see [70].

For the application of generalized Jacobsthal
numbers to hyperbolic numbers, see [49].

For the application of generalized Fibonacci
numbers to dual hyperbolic numbers, see [50].

For the application of Laplace transform and
various matrix operations to the characteristic
polynomial of the Fibonacci numbers, see [14].

For the application of Generalized Fibonacci
Matrices to Cryptography, see [37].
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For the application of higher order Jacobsthal
numbers to quaternions, see [38].

For the application of Fibonacci and Lucas
Identities to Toeplitz-Hessenberg matrices, see
[20].

For the applications of Fibonacci numbers to
lacunary statistical convergence, see [5].

For the applications of Fibonacci numbers to
lacunary statistical convergence in intuitionistic
fuzzy normed linear spaces, see [29].

For the applications of Fibonacci numbers to
ideal convergence on intuitionistic fuzzy normed
linear spaces, see [30].

For the applications of k-Fibonacci and k—Lucas
numbers to spinors, see [32].

For the application of dual-generalized complex
Fibonacci and Lucas numbers to Quaternions,
see [40].

For the application of special cases of Horadam
numbers to Neutrosophic analysis see [19].

For the application of Hyperbolic Fibonacci
numbers to Quaternions, see [13].

We now present some applications of third order
sequences.

For the applications of third order Jacobsthal
numbers and Tribonacci numbers to quaternions,
see [11] and [10], respectively.

For the application of Tribonacci numbers to
special matrices, see 74.

For the applications of Padovan numbers and
Tribonacci numbers to coding theory, see [41]
and 4, respectively.

For the application of Pell-Padovan numbers to
groups, see [15].

For the application of adjusted Jacobsthal-
Padovan numbers to the exact solutions of some
difference equations, see [18].

For the application of Gaussian Tribonacci
numbers to various graphs, see [65].

For the application of third-order Jacobsthal
numbers to hyperbolic numbers, see [16].

For the application of Narayan numbers to finite
groups see [31].

For the application of generalized third-order
Jacobsthal sequence to binomial transform, see
[51].
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For the application of generalized Generalized
Padovan numbers to Binomial Transform, see
[52].

For the application of generalized Tribonacci
numbers to Gaussian numbers, see 53.

For the application of generalized Tribonacci
numbers to Sedenions, see [54].

For the application of Tribonacci and Tribonacci-
Lucas numbers to matrices, see [55].

For the application of generalized Tribonacci
numbers to circulant matrix, see [56].

For the application of Tribonacci and Tribonacci-
Lucas numbers to hybrinomials, see [69].

For the application of hyperbolic Leonardo and
hyperbolic Francois numbers to quaternions, see
[17].

Next, we now list some applications of fourth order
sequences.

» For the application of Tetranacci and Tetranacci-
Lucas numbers to quaternions, see [57].

» For the application of generalized Tetranacci
numbers to Gaussian numbers, see 58.

« For the application of Tetranacci and Tetranacci-
Lucas numbers to matrices, see [59].

» For the application of generalized Tetranacci
numbers to binomial transform, see [60].

We now present some applications of fifth order
sequences.

For the application of Pentanacci numbers to
matrices, see [42].

For the application of generalized Pentanacci
numbers to quaternions, see [44].

For the application of generalized Pentanacci
numbers to binomial transform, see [61].

We now present some applications of second
order sequences of polynomials.

For the application of generalized Fibonacci
Polynomials to the summation formulas, see
[62].

For some applications of generalized Fibonacci
Polynomials, see [63].

We now present some applications of third order
sequences of polynomials.

For some applications of generalized Tribonacci
Polynomials, see [64].
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