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Abstract

This article proposes a system of nine nonlinear dynamiodkl to study transmission dynamics of bpth
Zika and Malaria in malaria-endemic areas such as Kedowgthe Southeastern part of Senegal and
other parts of the world where it is possible to havenéection of the two diseases simultaneously. The
model is divided into three sub-models: Zika only, Mal@anly and both Zika-Malaria to address the Qest
possible strategy to control both diseases concurrently.

Stability analysis was performed on the model to determinglifgase-free and the endemic equilibfia.
Sensitivity analysis on the basic reproduction number indicétat by improving the recovery rate [of
both diseases, the basic reproduction number can be dedoosiderably. It is also confirmed fro
Fig. 5 that, the best approach to control or elimitlagediseases is to improve the recovery rate of both
diseases simultaneously. Thus increasing recoveryaeteshown to have great impact in decreasing the
basic reproduction number.
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1 Introduction

Zika disease is caused by a virus which is transmittedlynmg female Aedes aegypti mosquito [1], which
is also responsible for the transmission of chikungunya andudefiever. The disease was initially
discovered in a monkey in the Zika forest of Uganda in 1947 NRich attention was not given until
recently when it started causing harm to expectant mothéng iAmericas. Mothers in this part of the world
were producing microcephaly babies (children with abnormal dmali and other neurological disorders),
and this forced the World Health Organization (WHO) tddee strategies in order to control or eliminate
before it gains grounds in addition to the current infectitissases hanging on the neck of the WHO. The
alarming rate of the incidence in Brazil and other aftthe world also forced the world’s health body,
WHO to declare the virus as the international emergeongerned. Due to unavailability of sound cure or a
vaccine, the Zika disease is spreading at a fastetlrateexpected since it begun. Since Zika disease and
our known unkind friend, malaria disease, which affectsettodsis in West African, has similar symptoms,
if Zika is not tackled at its current locations andyrates to other parts of West Africa and other regions
where malaria is endemic, it may cause great havqarégnant women and their families, since health
officials may be mistakenly treating malaria when ab&al disease will be Zika. Currently, Zika has raised
its ugly head in a town in Senegal called, Kedougou. Thexefika may even be existing in other part of
West Africa which we are not aware of because ffartehas not been made to test for Zika when malaria
patients report at a health facility, unlike Senegal [3]

Only female Aedes aegypti mosquito bites an infected huthlas to bite during the viremia stage that is
in the first several days of infection when the virustil @rculating in the human’s blood. The mosquito
takes up the virus, stores it in her gut and salivary glaadd then transmits it when she bites another
uninfected human [4]. As part of the mode of transmissiomdimidual who is infected with Zika virus can
infect his or her sex partner through an exchange of fluid durigipalasex, anal sex, and likely oral sex.
There has been an evidence that Zika virus is detacted semen and vaginal fluids according to [5].

In the light of this, it is very important to know the keygmaeters in the transmission of the disease and
come out with the measures to combat the menace.

In another development, Malaria is an old sicknesswhatfirst concentrated by Ross in the late 1800's [6].
Malaria is a vector-borne ailment which is caused bgnaale Anopheles mosquito. There are four types of
parasites specifically: Plasmodium falciparum, Plasmoduivax, Plasmodium ovale and Plasmodium
malariae contaminate human.

Among the parasites, Plasmodium falciparum is considereavages [7]. Plasmodium falciparum is known
to be the sort of species that is accepted to cause huneasesn Africa [8]. The disease keeps on being a
noteworthy issue in sub-Sahara Africa, Asia, Centndl South America and the Middle East. Right around
40% of the total populace settles in endemic ranges [@.dIsease is caused by Plasmodium parasite and is
transmitted between people through the bite of the female Akegphesquito. It kills around 700,000 to
2.7million individuals yearly, 75% of whom are Africamungsters [10]. The parasites develop into the
body of human between 10-18 days, then is passed on whetdogito injects saliva while feeding. In the
human body, intestinal sickness parasites relocatbetdiver, where they develop and increase. As time
goes on the parasites find its way in the blood stream @mt¢thae to develop in the red blood cells. At this
stage, the infected individuals begin to show symptoms likerfechills, sweating, migraines and other
influenza-like conditions. The infection can now and agairatereonsiderably more serious responses
including kidney failure and passing on, particularly if tteated for a timeframe.

2 Difference between Zika Virus and Malaria

Zika infection and Malaria are both mosquito-borne sicleesand since the rise of Zika first in Brazil and

now reaching out to different parts of the world, a lotngfuiries are being made to get some information
about the difference between Zika infection and Malarid.[The real disparities are the way we battle the
two illnesses since they are spread by two uniqus sbrnosquito species, to be specific female Anopheles
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for Malaria and female Aedes aegypti for Zika virus. BEranopheles mosquito bites during the evening
and at first light and can give you malaria. This can bestalled by resting in the mosquito bug spray net.
Despite what might be expected, the Aedes aegypti modgjté® amid the daytime which makes aversion
more unpredictable to manage. That notwithstanding, tp &y from being bitten by the female Aedes

aegypti mosquito having the infection, the medical expedemmend that utilizing creepy crawly repellant

and defensive attire can likewise help in a way [12]. Alsee zika infection can be transmitted through

vaginal sex, anal sex, and likely oral sex there is thd teease the condom or abstain from sex [5].

To the best of my knowledge, this work has not been dorapyesearcher or been published. It is in this
regard that a mathematical model for the Co-infectionaki@lZika is proposed to access the effect of Zika
in the Malaria endemic region. This research has becomeneegssary for the researcher and the public
health officials because the symptoms of both diseasestisoes confuse the medical practitioners and the
victims as well.

The model in this paper is a system of ordinary nonlidéterential equations and is described, formulated
and analyzed below.

The paper has been organized as follows, Section 3 dehlsheidescription of the model, the analysis of
Zika only model, Malaria only model, Co-infection MalariZika model, Section 4 discusses the sensitivity
analysis, Section 5 presents numerical simulation argbsegis the conclusion.

3 Model Formulation and Description

The model in this work is developed from current existingdef® on both diseases. This new model
subdivides human population into six compartments namelyeptisle humans,,, infectious malaria
only I,,,, infectious zika only,, both malaria and zika infectiolis,, recovered from malaria onR,, and
recovered from zika onlR,.The female mosquito population is also partitioned intoetto@mpartments,
that is, susceptible female mosquitSgs infectious female Anopheles mosquitand infectious female
Aedes aegypti mosquity. People are recruited into the human population throbgtrate I1;,, and exit
through per capital natural death ratein the six human compartments or through malaria induce death
rate (n) in I, compartment. The susceptible individuaSjincompartment gets infected with malaria when
he or she is bitten by an infected mosquito inltheompartment. Again, the susceptible individuab;jn
compartment gets infected with Zika virus when he or shéten by an infected Aedes aegypti mosquito in
thel, compartment. An individual if,, compartment either moves Ry, compartment after recovered
from only malaria infection or moves tg, compartment and become co-infected with Zika virus when
bitten by a mosquito inl, compartment. Also, an infected Zika virus individyal,) moves to
L., compartment when he or she becomes co-infected with imafier being bitten by a mosquito Iijn
compartment or taR, compartment when the zika infection subsides and becomésaairier (mild zika
infection). Those iR, compartment moves to ti$g compartment for reinfection after they have lost their
immunity to malaria and individuals ®, compartment moves ), compartment after they have become
zika free.

Mosquitoes in eithef, or I, compartment remain in the infectious state for life dridl natural death or
insecticides. Mosquitoes are recruited into the mosquito piguldarough the ratd,, and exit through per
capital natural death rafes,, ) in the three mosquito compartments [13].

Total population of humans and mosquitoes are

Ny=Sp+ Ly +L+ Ly + Ry + Ry oo e (1)

and

Np=Sp+L+1, e e (2)
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(bp + )y

Lt lme

Fig. 1. Flowchart of the model

Putting all the assumptions together, the co-infection modéfialaria-Zika is given as (3) below:

das

d—t" = I, + ¢Ry + aR, — 1Sy — 1S, — 2,5,
dl,

a S = Al — (up + 1 + 1) Iy + Ty,
dl,

E = A8p — M, — (ﬂh + Tl)lz + Tyl

Aln,

T = Aol + 41, — (ﬂh +7t TZ)Imz

dR

dR

d_tz =T, — (.uh + a)Rz

as,,

W = Iy, — kmSm — B1Sm — B25m

dl

d_;n = B1Sm — thmly

dl,

E = B2Sm — tmla

With the force of infection
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_ By U + Imz) _ 0 (I, + Imz)

.. (4
= @

In this area, we present the basic results concerning thel f8déhe following theorem portrays the
region within which the model will be examined in the sgsat sections.

Theorem 1:If the initial state variables are non-negative i.e.

Sp(t) =0,1,(t) =0,1,(t) = 0,1,,(t) = 0,R,,(t) = 0,R,(t) =0,5,(t) =0,1,(t) =0,
( Pty )

then they remain so i.e.

(Sp() = 0,1,(t) 2 0,1,(t) = 0,1,,,,(t) = 0,R,,,(t) = 0,R,(t) =0,5,,(t) = 0,1,(t) = 0,1,(t) = 0)

for all future times. Moreovelim, ., sup N, (t) < % andlim;._ o, sup Ny, (t) < 2—"‘ Again, ifN, (0) <
h m

Ir and N, (0) < Am thenN, (t) < Ir and N, (t) < Om
Hn HUm HUn HUm

More importantly, the regiofl = Q; x Q,,with

QO = {(sh, L Ly Longs Ry R)ERSIN, = Sp + Ly + Iy + Iyng + R + Ry < 2—:} and

Mm
U = (S 1o )R Ny = S + 1, + I S E}

is positively invariant. The theorem 1 above indicates ttiee model (3) is biologically and
epidemiologically well-posed in the region and thus, theadyins of the model can be sufficiently studied in

Q. [14].

The co-infection model (3) above can be divided into sub-rsatiehely Zika only model and Malaria only
model. The sub-models are given as:

Zika only mode

Malaria only mode

dd—st‘:l'lh+aRZ—thh AS %=ﬂh+¢&-ﬂh%-ﬂlsﬁ
%: ,Sy — (H + 1) 1, %[n: S, = (t +1+1,) 1,
(L—I?=T1|z-(#h+a)Rz ..(5) and %=T2|m—(¢+#h)Rm .. (6)
dd_stn: o= leSm= By S %—St"= m ™ HeSn = B Sy

do:ta =B,S, - U1, Cl:tv = BSn ~ Hul,

With force of infection

Oqlz

0zl
Ay ="2%and B, =
Np Np

M= ’jvh—”l and p, =&

Np
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3.1 Stability of the disease free-equilibrium (DFE)

Disease-free equilibrium (DFE) is the steady statetisoluvhere there is no infection or disease in the
population. In the subsequent section, we present the vatbusiodels and their disease-free state.

3.1.1 Stability of the disease free-equilibrium (DFE) oFika only model

The disease-free equilibrium of Zika only model isaifi¢d when the right-hand side of equation (5) is set
to zero and the infectious compartment also setto Zws I, = R, = [, = 0.

The (DFE) of Zika only model (5) is given as

Hh l-[m
En=(S;, I}, R, , S, , 1;):(—, 0,0, =&, 0)
HUn Um

(D

3.1.2 Basic reproduction number for Zika only

Using the next generation matrix method, the basic reproduntiatber can be defined as the average
number of secondary infectious cases produced by a sinfgetive individual in a population where
everyone is susceptible. Applying the next generation matthoad of [15] the basic reproduction number

of the Zika only model is the spectral radius of the m&ik . WhereF, andV, are the transmission
and transition matrices respectively given by

AU

“n | andy, = [(Hh +71) 0]
0 0 Hm

:F'ZZ

Oally
Hm

The basic reproduction number of Zika only is dendtgd R,,, ) and is given as

Uao—znml"h
N (775 S 29 ) (971N ®)

3.1.3 Local stability of disease free equilibrium poinfor Zika virus

Theorem2 The disease-free equilibrium point is locally asymptily stable if R,, < 1 and unstable if
R,y >1.

-B, 0 B, 0 By
[ 0 -B, 0 0 Bs ]
J(En) =] 0 Bs =By 0 (TN € )
l 0 -B, 0 —B; 0 J
0 B, 0 0 —Byg
gallmip

By = pp, By = a,B3=0,,B, = (up +11),Bs = 14,B6 = (up + @), B; = Mt Bg = up,

The diagonal entriesB;,-Bgand—Bg, are the three eigenvalues of the Jacobian matrix [16]refidre,
excluding their columns and corresponding rows lead to

J(E,) = _;j‘* _Bgs] OO ¢ 1)

The eigenvalues of the Jacobian (10) is the charactezigptiation o] — Al = 0|
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o _|mBa ) B, _
J A= B, —(Bg +4) =0
S22+ (up + T+ Uy T[T = RZ] =0 e e e et v v e e (11)

If R,, <1 then all the coefficients of equation (11) are posifiveerefore, using Routh-Hurwitz criterion,
if all the coefficients of the (11) are positive thaifi,the roots of the characteristic polynomial (11) have
negative real parts. Hence the disease-free equilibriufiika only model is locally asymptotically stable
R,y < 1.

3.1.4 Global stability of disease free equilibrium of Zila virus

Theorem 3 The DFE( F7V) of system of equation (5) is globally asymptoticaltgbdée if R,, <1 and
unstable ifR,, > 1
Proof: We start the proof by applying the theorem on pageofLastillo — Chavez et al. [17]. We divide

(5) into two sub-models, that is, the infectious clasd un-infectious class which is denotedyasndy
respectively. The variabley and J/ are defined ag = (I,,1,)and

y = (S, R,, S,,) respectively. Therefore, the model (5) can be written as

%= RGY) a2
By gy

The two valued functionB (y, y)andS(y, y) are given by

A2Sn — (pn + T,

R(x,y) =
Q( )/) .BZSm - Mmla
Hh + CZRZ - .uhSh — Azsh (13)
SQ(: }/) = Tllz - (:uh + a)Rz

l—Im - .umsm - ﬁzsm

Now consider the reduced system

dsy
a [y + aR, — ppSk
dR
W = Iy — UmSm
Iy — upSn \
d
d—Z =50 | 0 [P G 071 )
l_[m _Mmsm/
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Obviously, y* = (S, R,, Sy) = (2—:02—1’:) is a globally asymptotically stable equilibrium point fie
reduced systerﬁgs()(, 0) .To show this, solve the second equation of equation (14apbtain
{th)e‘(“h+“)t}; it turns to zero as — . In the same way, the last equation in equation (14a)sgive
Sm(t) = E—Z + [Sm(O) - E—Z] ehnt - 2—: ast — oo. Finally, the first equation of (14a) givSg(t) = 2—: -

{% + [Sh(O) - %]}e“ht - % ast — oo, Hence the convergence of the solution of (14) is glob& in
h h h

ClearlyR (y, y) satisfies the following two conditions given as H2 in [17] ngme

1). R(x,y)=0and
2). R(n.v) = Ax — R(x,v),R(x,v),= 0 on Q where

—(u, +14) 3 5= o,l, 1-3m
A=D,R(x",0) =< o _(; >andR(X.)/) = (;gg) =1, 21 Z:;
2\ Oalz N,

Np

Np m
It is obvious thaR(y,y) satisfies the two conditions given as H2 and in Castil@havez et al. [17] on
page 246, namely,

1). R(x,y) =0and

Since the terms iR(y,y) are non-negative and the conditions H2 given in [17] afsisfied, we can
conclude that the disease-free equilibrium of Zika mod#f is globally stable.

3.2 Stability analysis on disease free equilibriurof malaria only model below

The malaria only model of the DFE is obtained by settirgright-hand side of equation (6) to zero and also
to set infectious class to zero. The (DFE) of the Kalanly model is given as

My My ) e (15)

Ena=CSh, Ly, Ry . Sh ,I,j)=<“—, 0,0 —

h m

3.2.1 Basic reproduction number for malaria

Again, using the next generation matrix method as appliedken @nly model, the basic reproduction
number of the malaria only model is the spectral radfuth@ matrix %,,V,;* Where F,andV,, are the
transmission and transition matrices respectively given by

0 Bn
me = .Bv l_[m.uh 0

O(pp+n+7) O ]
th"m

and Vm=[ 0 u
m

The basic reproduction number of malaria only is denoge® ), is given as

Rma=j Bbollmbtn e 16)

(up + 1+ )M~
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3.2.2 Local stability of disease free equilibrium poinfor malaria only model

Theorem 4 The disease-free equilibrium point of Malaria only isalbcasymptotically stable ifR,,, < 1
and unstable ifR,, > 1.

-¢;, 0 ¢ o Cs
[ 0 —C. 0 0 Gs l
](Ezv) = 0 Cs _C5 0 0 ee e ere eee e (17)

[ 0 —C, 0 —C; O J

0 ¢ 0 0 -G

II
Ci=unCr=0¢,C3=0nCo=Wp+n+73),Cs=75,C6=(up +¢),C; =ﬁahz‘uhrcs = Um
m

The diagonal entriesC;, —Cz,and —Cgare the three of the eigenvalues of the Jacobian xnfitf].
Therefore, excluding their columns and corresponding rows teads

](Ema) = _C€4 —CES] e rre ree e e e e e e e (18)

The eigenvalues of the Jacobian (18) is the charactesigtiation ofj — Al = 0|

N () Cs | _
S22+ (up+n+7 + )+ up(upy +n+1)[1 —RE,1=0...........(19)

If R,,e <1, then all the coefficients of equation (19) are positiveer&fore, using Routh-Hurwitz criterion,
if all the coefficients of equation (19) are posititveen, all the roots of the characteristic polynomial (19)
have negative real parts. Hence the disease-free eunlilof Malaria only model is locally asymptotically
stable ifR,,, < 1.

3.2.3 Global stability on DFE malaria only( Ema)

Here in this section, we try to prove the global siighilf the disease-free equilibrium.

Theorem 5: The DFEE,,, )of system of equation (6) is globally asymptotically stable
R, < 1 and unstable ifR,,, > 1

Proof: The model (6) is now written as

aw _ EW,W)
ac 20)
v ) e e e e
ac
Where W = (I,,,,I,) andV = Sy, R, S
The two valued functiong(V, W) (dimension 2) and (V, W) (dimension 3) are given by
11Sp — (pr + 1+ 1)1y
EWV,w) = RN 07 17))|
ﬁlsm - Aumlv
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[y + ¢Ry — upSp — 445k
FvwW)=| ol — (un + )R R ¢5 1)

l—Im - .umSm - ﬁlsm

Where T is transpose. The reduced form of the sys%em:F(V, 0)

D8 — My + @Ry — HnSh
dRm
Lo My — UmSm

dt

V* = (S5 Ry, Sm) = (E—:OE—Z) is a globally asymptotically stable equilibrium pofior the reduced

system.‘;—'; = F(V,0) ThereforeR,,,(t) = R,,,(0)e~Wr+®t - it turns to zero as— co.

—n, @ —(un+)t) _ [Mn —In]) punt 5 On 5
In S, (t) e {R(0)e~Wnt®)t} {#h + [Sh(o) ™ }e nt B ast — o.Hence the convergence
of the solution (22) is global i . ClearlyE(V, W) satisfies the following two conditions given as H2 in

[17] namely.

1). E(V,W)=0and
2). EWV,W)=AW — EWV,W),E(V,W) = 0 on Q where

—(uptn+tt) B

A=DyE(WV*0)= BoSm 3
N, HUn
and
Sh
_ Bul, (1 - —)
A _(EE(v, W)\ _ Ny,
EWWy = <E§(% W)) -

wa(1-3)

h

Since the terms if (V, W)are nonnegative and the conditions H2 given in [17] abovesalssfied, we can
conclude that, the disease-free equilibrium of malarglabally asymptotically stable.

3.3 Stability of the disease free-equilibrium of tk co-infection model malaria-Zika

Disease free equilibrium (DFE) state of the co-infecmodel is given as

x l-Ih l-[m
Eq,=( —, 0,0, 0 ,0,0, —=,0, 0 Jueen..(23)
HUn Hm

The basic reproduction numbé€Rr,,,,) of co-infection model is also given by

R = max ﬁhﬁvnm”h Uao_znml"h
e (up +n + )2, " | (g + ),

10



Amoah-Mensah et al.; JAMCS, 26(1): 1-22, 2018;cfetno.JAMCS.37229

Representing

ﬁhﬁvnm.uh O-aa'znm/lh
Ry = and R,, = |[———— R ¢
ma \/(Mh +n+ ) Mpuf, = (tn + TR, (
3.3.1 Local stability of the DFE of the co-infection modemalaria-Zika
Theorem 6: The disease-free equilibrium point is locally asymptoycstiable if
Ry <1 (Ryuq < 1landR,, < 1)and unstable iRy > 1 (R, > 1 and R,,, > 1)
Proof
The Jacobian matrix of the system (3) at the dise&seefquilibrium is given by for the matrix
-4, 0 0 0 A, A; 0 -4, —As]

0 -4, 0 4 o 0 o 4 O

0 0 ~4As A 0 0 0 0 4

0 0 0 -4y 0 0 0 0 0

J=| 0 A 0 0 —4, O 0 0 0 TR 1)

0 0 A 0 0 -4, O 0 0

O _A13 —A14 _A15 0 O _A16 O O

0 Az 0 A 0 0 0 -4, 0

[ 0 0 A, A 0 0 0 0 —Agpl
Ay = pp, Ay = ¢, As=a, Ay = B, As = 05,46 = (U + N+ 72), 47 =71, Ag = (Up + T1), A = T,
vnm anm
Ao = (p + 71 +75), 411 = (U + ), A1y = (Up + @), A3 = BH Ay = UH £,
hlm hlm

_ (Byto)mup
A15 - Nppm
Since-4,,—A;;—A;,and—A,are diagonal entries, then they form the first four eigenvaltifse Jacobian
matrix [18]. This leads to

» A1 = Um

[—As 0 A, A, 0 1
0 —Ag Ag 0 As
J=]0 0 —Ay 0 0 N V1)
Az 0 Az —4A, O
0 A14 Aqg 0 —A
Using elementary [19] row transformation on (26), we have
70 4 W, i : |
0 _Ag A9 0 AS
|0 0 -4y, 0 0 [ e (27)
l 0 0 0 AA19A13 — AgAr04ss 0 l
l 0 0 0 0 AsAigArs — A8A10A16J
Hence
I/ — Al =0|
[—(46 + A1) 0 A4, Ay 0 |
0 —(Ag + 1) Ay 0 As
= 0 0 —(419 + 13) 0 0 =0
0 0 0 (A4A10413 — AgA10A16+A4) 0
0 0 0 0 (AsA19A1s — AgAipAie + As)
v e (28)

11
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= (A + 1) (A + 1) (A1 + A3)(A4A10413 — AsAroArs + Aa)(AsAioArs — Agliphie +A5) == 0
= (A +41) =0,(Ag + 4,) = 0,(419 +13) = 0,(A,410413 — AgA19A16+ ) =00r
(AsA10A14 — AgAioAis +45) =0

Which implies

A+ 1) =0=> 2 = —(up + N+ 13)

(Ag+ 1) =0= 2, = —(up + 11)

(Ao +A3) =0= A3 = —(pp + 71 + 72)

(A4A10A13 — AgAipAis +A) = 0= Ay = pp(up + 1+ 1) (up + 71 + 7)1 — erna)
(AsA10A1s — AghAioAis + As) = 0 = A5 =y (up + 71 + ) [, + 7)(1 = RZ)]

Finally, since all the eigenvalues of the Jacobian mafriequation (26) are negative or have negative real
parts whenRy, <1 (R, <1landR,, <1 )therefore the disease-free equilibrium point is locally

asymptotically stable WheRo <1 we now consider the global stability of disease- freeliégiuim.

The summary of the results of the stability of theiaas sub-models are established in the following
theorem.

Theorem 7

1. The disease-free equilibrium of the Zika only mo8glg locally asymptotically stable if R,, <
land unstable R,, > 1

2. The disease-free equilibrium of the Malaria onlydelo(6) is locally asymptotically stable if
R, < land unstable iR,,, > 1

3. The disease-free equilibrium of the Zika- Malamiadel (3) is locally asymptotically stable if
Ry <1(Rpy <landR,, <1)and Ry, > 1 (R, > 1and R,, > 1)

Theorem 8: The DFE( Emz) of system of equation (3) is globally asymptotically stableR,,, < 1and
unstable ifR,,, > 1

Proof: Using the theorem on page 246 of Castillo-Chated. [17] to prove the theorem 8. To do this, we
let A= (I, Iz Imzr Iy 1) @andB = (Sy, Ry, R,, Si) - The model (3) is now written as:

dA A.B)
dr A 29
dB e e (29)
—=vy(4,B
T y(4,B)
Where
[ ﬁhl ol )
th Sp— N_:Im - (llh +n+ Tz)lm + 71y
ol ﬁhl
N_:Sh - N_hvlz - (.uh + Tl)lz + T2l
ol ﬁhl
x(4,B) = N—:Im + N—h"lz — (up + 11+ 1)y e v e o (3000)
I+ 1
ﬁv( mNh mz) Sm _ ‘umlv
g, (I, + I
a( ZNh mz) Sm _ Mmla

12
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[ Hh + a’Rm + ¢Rz - ‘uhSh - /115}1 - /125}1

1
I I
TZIm - (Auh + ¢)Rm
y(4,B) = Y :11)7)
Tllz - (Auh + a)RZ
|

l l_[m - Mmsm - ﬁlsm - .BZSm
The reduced form of the syste%?—: =y(0,B) is given as (30b)

l-[h l_[m
B=(Si R R oso=( 22 0,0, 2
(h m V4 m) L U

is globally asymptotically stable equilibrium point tbe reduced form of the system
dB
i y(0, B). Therefore,

I I I
S1(©) = My + ${Rm(@) 00 D) + afR, ()0} — py 2 4 [5,(0) = 2| ferne - 22
Hn Hn Hn
as t> . Hence the convergence of the solution of (31) is glabal Thereforey(4, B) must satisfy the
following two conditions given as H2 in [17] namely:

1. y(0,B) =0 and
2.x(A,B) =TA— x(A,B), x(A,B) 2 0 0N Q cc. e et s vt e et et e vt v e et e e o (32)

u, 0 U U U,
0 US U6 U7 Ug
T=D,x(0,B)=]| Uy U; Uy U, U,
U 0 Uy 0 O /
0 Uy Uz 0 0
o,l o,l I
U, = _(Hh+77+fz +ﬂ) Uy = 1,Us = B Uy =—,Us = —('Bh z+,uh+T1)
Ny Ny Ny
Brl o,l ByS. 0,5,
U =15, U; = _N_hz:Us =0, Uy = ;I_::Uw =—(up+ 11+ 1), Uy = vN_hm:Uu = ;lv_hm
At I, =1, =1,,=1,=1,=0
—(up tn+15) 0 71 Br 0
0 — (pp +11) T2 0 Oq
I 0 0 —(up+n+1) 0 0 I
T = DA)((O, B*) = ﬁvsm 0 ﬁvSm 0 0
Ny, Ny
0 O-aSm aaSm 0 0
Ny Ny
Sh
Bul, (1 - N_h) + Aol
—— |+ A4l
/)/(E(A: B) 2'a Nh 14z
%(A,B) =| x3(A,B) | = (M1 + A1)
Xx(4,B) By (U + Inz) <1 _ S_m>
Xs(A, B) N, N,
O-CI.(IZ + lmz) <1 _ S_m)
Nh Nm

13
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Sincey;(4, B) < 0 and does not completely satisfy the two conditions statedjuation (32), the disease-
free equilibrium may not globally asymptotically siabl

3.4 Endemic equilibrium point (EEP)

Endemic equilibrium point is the steady state solution wiiee disease is present in the population. In the
same way, as we did for disease-free equilibrium, tlderaic equilibrium of the co-infection model is sub-
divided into Zika only model and Malaria only model.

3.4.1 Endemic equilibrium point of Zika only model

The endemic equilibrium point of the Zika virus only modegiisen by

25 YO S Sl i O (< 1)
where
G Ny o0 1 o (i, + @)? = R Ny @ (i, + @) + TR (RZ, — Dy + @)1y
o=

000, My M o (i + @)?(RZ, — 1) + Npoo0, iy (t, + @) — RE, U pit
(RZ, — D(a + pp) Myt i,
0,0, Mppin (U + @) — RZppmppT1
o Rh - D
0,0, M pin (up + @) — RZ,ui 11,1,
040,13 (up + @) = R, 1 Tty — i (RZ, — 1)y + @) 00 My Mo iy
040, ity (up + @)? — RE,u5 1, (uy + @)1y
- _ O it (RZ, — 1) (uy + @)
b 00 My i (uy + @) — RZ,pb T,

*k
Izv -

e (34)

*k
Sm =

Theorem 9: There exists a uniqgue endemic equilibrium point for Ziky amodel (5) WhenRZ\, >1
3.4.2 Global stability of endemic equilibrium of Zika onl model

Theorem 10: If RN >1 then the unique endemic equilibrquZDVj of model (5) is globally stable in the
interior of Q .

Proof:

The global stability of the endemic equilibrium can be meiled by constructing a common quadratic
Lyapunov function L(t) of the form [20].

1
V(Sh: Iz; Rz:Sm: Ia) = E{(Sh - S;;*) + (IZ - 1;*) + (Rz - R;*)}Z

+%{(sm —SE)+ Uy = L2 e e e (35)

Differentiate equation (35) to give (36)

14
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O = IS0 =i+ U= )+ Ry = ROV (834 L+ R + [ = 5500+ Uy = ) [85+ o]
Sy = i)+ Uy = 1)+ Ry = RS, — 557+ ully — 1) + (R, = R3]
(S = S + Uy = N tn S = S + ptn Uy = I e e o o (36)

LetA, =S, — Si* Ay = I, — I;*, A3 = R, — Ri* Ay = Sy — S, Ag = I, — I
A6=A1 +A2 +A3andA7=A4+A5

Substitute them in (36) gives
v
at
v
ot

—[undAg + umA?]

—[URA% + U A2] S 0 e e e e e e (37)
a aV H H *% ok * %k

It can be seen th%-'g <0. Also,g =0 ifand only ifS, = S;*, 1, = I;",R, = R},

Sy = Sirand I, = I*. Therefore, the largest invariant se{{(§, I,, R,, S, I,) € Q: V1 = 0}

is the singletoA,,, where E,; is the endemic equilibrium. LaSalle’s invariant princif@é] then implies that
E**is globally asymptotically stable in the interior & .

3.5 Endemic equilibrium point of malaria only model
The endemic equilibrium point for Malaria only model isegivas

Epia = S5 Iy Ron 0 Sor ) I e et i et e et e e (38)

where

(@ + ) INp BBy My, (P + 1) — Rio I i T, Ny + N gy (R7q — 170N}

S BB Tt — D@ + 1)+ BrB Tt inNu + i) — R Tntn T390,
I = (Ria — D(9 + up)Mjud,

BrBo i tin (P + ) — REqu 1,72
R = M7 u5 (R = D1, . (39)

BBy ity (P + pp) — Rma#mHhT2¢
S = BrBo Unpin ( + pip) — Riauta 1 Iy o0 — pi (Riq — 1)(@ + ) BT Ity
BrBollinin (¢ + pr)? — REqu (¢ + w20

oo — BT (R = D@ + 100

BrBully (@ + ) — Riattm T2

Theorem 11:There exists a unique endemic equilibrium point for Malaniy model (6) wheR,,, > 1.

3.5.1 Global stability of endemic equilibrium of malare model only

Theorem 12: If R,,, > 1 then the unique endemic equilibriu&y,;, of Malaria only model (6) is globally
stable in the interior of2 .

Proof:

The global stability of the endemic equilibrium can be meitged by constructing a common quadratic
Lyapunov function L(t) of the form [20].

15
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1
V(Shy Ly Ry S 1) = 5{(Sp = i) + (I — 1) + (Rpy — Ri}?
2
S =S+ Uy =LY e (40)

Differentiate equation (40) to give (41)

av d
o = Lh =50 + U = 1) + Ry = RED) =[S + I + Ria]
H(Sm = Si) + Uy = [ [S + 1]
= —[(Sn = Si) + U = 1) + Ry = R n (S = i) + (tn + 1)U = ) + Ry = R3] =
[(Sm - Sr*r:) + (Iv - I;*)] [Hm(sm - Sr,;‘:‘) + Mm(lv - 1;*)]

Let By = S, — S;*,By = Iy — I3, Bs = Ry — Ry, By = Sy — St Bs = I, — I3* and also

BG=Bl+Bz+B3,B7=B4+BS

av

E = [Bl + BZ + B3][Mh(Bl + BZ + B3) + T]Bz] + [B4 + Bs][‘u,m(le, + Bs)] FETIT TP (4‘1)
av
Fri [1rBs + NB2Bs + tmB5]

It is observed th%g- <0. AIso,Z—: =0ifand onlyifS, = S;*, I,, = Iy, Ry = Ry,
Sm=Smandl, =1

Therefore, the endemic equilibrium of malaria only masglobally asymptotically stable with reference to
the section 3.4.2 above.

3.6 Existence of endemic equilibrium point of the Ginfection malaria and Zika virus

Obtaining an explicit expression from Endemic equilibriumnpaif the co-infection model (Malaria and
Zika virus) is not forthcoming due to the complex natofr¢he equations involved. Therefore, we assume
that the endemic equilibrium may exist as

Eny = Sp L Iy Iy R, RS, 157, 15" . Let’'s now determine the global stability of the endemic
equilibrium as follows

Theorem 13: IfR,,, > 1 then the unique endemic equilibriurg;,,of System (3) is globally stable in the
interior of Q .

Proof:

The global stability of the endemic equilibrium can be weiteed by constructing a common quadratic
Lyapunov function L(t) of the form

V(Sn Iy I, Inzs Ros Ry Sy I 1)
1
= 5{(Sn =S+ Uy = L) + +U, = ) + (hnz — L) + R — R + (R, — R;DY

+ %{(sm S T O A A R B RN ¢ %)

The equation (42) is differentiated to give (43)
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a * % *% *% kK * %k kK
a_l;= [(Sh_sh )+(lm_1m)++(lz_lz )+(lmz_Imz)+(Rm_Rm)+(Rz_Rz )]

d d
E[Sh + Im + Iz + Imz + Rm + Rz] + [(Sm _Sr*r:) + (Iv - I;*) + (Ia _12*)]E[Sm + Iv + Ia]
= =[S =S+ Un — L) + U, = ) + Iz — Imz) + (R — Ry) + (R, — R;7)]

*ok

[ﬂh(sh - S}:*) + .uh(lm - Ir*r:) + ﬂh(lz - Iz**) + .uh(lmz - Ir*r;z) + ﬂh(Rm - R:r:) + ﬂh(Rm - Rm
+ U — L) =[S = S5) + (L, = 57) + (U, — 157)]
[t S = S22 + Ly = 127 + g (g = 2] e e e e (43)

Let

Co=Sn—S3C=In—In,C3=1,—I;",C4 = Ipy — Injz,Cs = Ry — Ry, Cg = R, — R}, C7 = Sy —
S Ce=1,— I3, Co=1, — I and alsoCyy = C; + C, + Cs + C4 + Cs + Cq
Cip=Cy+ Cg+ Cy

Substitute them into equation (44) gives

av
E = _[H,hcfo + I'lmclzl + nC2C10] Mas san sen Ges wes wen wes wes ses ses wes wan s (44‘)

It can be seen th%ltC <0 and% =0 if and only if

Sy =S Ly = L1, = 1% Ly = Iy Ry = R R, = REY, S, = Siv 1, = 1,1, = IX* . Therefore, the
endemic equilibrium of the co-infection Zika - Malaria rebds globally asymptotically stable with
reference to the section 3.4.2 above.

We now move on to sensitivity analysis.

4 Sensitivity Analysis of the Co-infection Model Pameters

We now perform sensitivity analysis on the parameters of théehio determine which parameter will

increase or decrease the basic reproduction nu(dB%r) when it is increased by a small margin. It is

computed using the normalized forward sensitivity indexerms of differentiable expression, it is defined
as follows

AR . . .
S = a—° X ;—1 wherer; is the parameter under consideration
T1 0

Positive sensitivity index means an increase in that paeawdt lead to corresponding increase in the basic
reproduction numbe(rRO). However, negative sensitivity index means an increasegative parameter

will lead to a decrease i(1RO) .Using the parameters in Table 1 below, we compute tigtséty indices
for the parameters in the model (3) and the result iscstatTable 2.

Table 1. Description of variables and parameters of Maléa and Zika

Parameter Interpretation Values Source
o The probability of female aedes.406 Assumed
a aegypti mosquito getting infected
with zika virus
’gv Probability of female Anophele 0.0¢ [22]

mosquito getting infected with
malaria parasite
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Parameter Interpretation Values Source
,@ Probability of human gettin 0.03¢ Assume
infected with malaria
o Probability of human getting 0.45 Assumed
z infected by zika virus
I, Recovery rate for zika virus only. 0.0181 Assumed
. Recovery rate of malaria or 0.0013¢ Assume
U, Natural death rate for human 0.00004 [23]
u Natural death rate for mosquitt 0.06% Assume
m
1 Malaria induced death rate 0.05 Assumed
M Human beings are recruited ir 80C Assumel
h their population
¢ Progression frorrRm to 31 0.000137 Assumed
a 0.0055 Assumed

Progression fronRZ to Sh

Table 2. Sensitivity indices of model parameters t(lR,m1 and sz

R‘na Parameter Sensitivity R Parameter Sensitivity
values index v values index
T 0.0013¢ -0.012¢ 0 .06 -0.834:
2 /’lm
M A 800 -0.4521 I, 0.0181 -0.4497
U, 0.00004 0.4816 M A 800 -0.4836
- i p , .
i 0.067 0.308¢ U, 0.0000 0.482
:Bh 0.034 0.4893 o, 0.406 0.4866
n 0.0t -0.431¢ M 100C 0.628!
m
:Bv 0.09 0.4816 o, 0.45 0.4851
M - 1000 0.4839

From the table, the most positive sensitivity indexrfalaria isg,and most negative ig. Also, the most

positive sensitivity index for zika i,, and most negative i5. Now, 10%and15%an increase i,
andIl,,arameters respectively will cause an increage,jrandr,,, by 5% and’% respectively.

5 Numerical Simulation

Using the following initial values,

5,(0) = 19900 , I,(0) = 1500 , I,(0) = 140 , I,,(0) =170 , R,,(0) = 100 ,
R,(0) =20 , S,,(0) =30000 , I,(0) = 33400 , I,(0)= 6200

and values in Table 1 above, the numerical solution of the In®deg given below in Figs. 2 and 3
respectively.
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Fig. 2. The plot of numerical solution of the model withime

2024

Fig. 2, represents the initial behavior of the model. Agtincreases from 2008, the susceptible human
drops while those of infectious zika, infectious malama recovered zika increase. Also malaria infectious
increases to its peak at 2011 and begins to drop gradlidlyever, the recovered malaria trajectory

remains low throughout the period.

x 104

25

Human population
o
T

-

— Susceptible humans.
Infectious Malaria
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— Recovered Malaria
Recovered Zika

o}
2008

2010

2012

2014

2016
Time(Years)

L
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Fig. 3. Graph of increasing the most negative sensitivedex value in malaria only model

As the most negative valﬁgum) of the sensitivity index in malaria only modatreases, the recovery rate

of malaria also increases while the malaria infectionthado-infection trajectories decrease. However, the
dynamics of other trajectories remain the same.

From the model, it is found that whenever the recovery rateatsria only is increased, the malaria and the
co-infection situation also improved but not zika only.
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Fig. 4. Plot of increasing the most negative parameter irika only model

From Fig. 4, it is shown that increasing the recovery rateika only leads to an improvement in the
trajectories of infectious zika, recovered zika and coetida. However, there is little improvement in the
trajectory of susceptible humans. Surprisingly, malafaction increased and the recovery remains the

4
%10
25 T T T T
s Susceptible humans.
Infectious Malaria
s |nfectious Zika

<15 s | fectious Zika and Malaria -
2 — Recovered Malaria
= Recovered Zika
3
S
3
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€
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T 1+ —

05— —

0
2008 2010 2012 2014 2016 2018 2020 2022 2024

Time(Years)

Fig. 5. Plot of increasing the most negative values of bottub-models

In improving the recovery rates in both sub-models exhilgiatgimprovement in all the trajectories except
recovered Zika which looks almost the same as it was aigpmning of the epidemic. From the five (5)
figures above, the best strategy to control the Malarika Zb-infection is to improve upon the recovery
rates of both infections simultaneously.
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6 Conclusion

In this article, co-infection model was formulated to gttlee transmission dynamics of both Malaria and
Zika virus diseases in a Malaria-endemic region like Kigdo in Senegal and other parts of the world that
may have the epidemic of Zika-Malaria co-infectionutufe. Also stability analysis was performed on the
model to determine the disease-free and the endemic eiguiliBensitivity analysis on the basic
reproduction number indicated that by improving the recovatey of both diseases, the basic reproduction
number can be reduced considerably. It is also confirmed [Figm5 that, the best approach to control or
eliminate the diseases is to improve the recovery ratetbfdisease simultaneously.
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