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Abstract

Coupling heterogeneous mathematical models is today commonly used, and effective solution
methods for the resulting hybrid problem have recently become available for several systems. Even
if in certain circumstances, asymptotic evaluations of the location of the interfaces are available, no
strategy are proposed for locating the interfaces in numerical simulations. In this article, a semi-
linear elliptic problem is considered. By reformulating the problem in a mixed formulation context
and by using an a posteriori error estimate, we propose an indicator of the error due to a wrong
position of the junction. Minimizing this indicator allows us to determine accurately the location of
the junction. By comparing this indicator with a mesh error indicator, this allows to decide if it is
better to refine the mesh or to move the interface. Some numerical results are presented showing
the efficiency of the proposed indicator.

Keywords: Method of asymptotic partial domain decomposition; a posteriori error estimates; Indicator
of the error; semi linear elliptic equations.

2010 Mathematics Subject Classification: 35F40; 65

1 Introduction

The method of asymptotic partial decomposition of a domain (MAPDD) originates with the works of
G.Panasenko Panasenko (2005). The idea is to replace an original 3D or 2D problem by an hybrid
one 3D — 1D; or 2D — 1D where the dimension of the problem decreases in part of the domain. The
location of the junction between the heterogenous problems is asymptotically estimated in the works
of G.Panasenko mainly for linear problems. Nevertheless for numerical simulations it is essential to
detect with accuracy the location of the junction. Let us also mention the interest of locating with
accuracy the position of the junction in blood flows simulations when different nonlinear mathematical
models are used Quarteroni and Veneziani (2003), or in fluid/solid problems for which subproblems
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are computed with independent black-box code Blanco et all (2010), Leiva et all (2011). Here the
method proposed is to determine the location of the junction (i.e the location of the boundary T" in the
example treated) by using optimization techniques and a posteriori error estimates. In the presented
problem due to the specific right hand side f it is assumed that the solution U could be approximated
by a 1D solution in a part of the domain. That allows saving computing time when the problem
is numerically solved. For implementing such a strategy, we have to find admissible transmission
conditions and locating the interface. First it is shown that MAPDD can be expressed with a mixed
domain decomposition formulation for a semi linear elliptic problem in two different ways. Then an
a posteriori error estimate is derived for locating the best position of the junction. The idea to use a
posteriori error estimates for optimization problems have extensively been used, the reader is referred
to Becker and R. Rannacher (2003) for example.

In the following, the problem handled, is described, and the introduction is ended with the mixed
formulation of the domain decomposition of the problem. The problem presented is a model problem
in order to keep the technicalities as much simple as possible. Section 2 is dedicated to the two
asymptotic decompositions proposed for a given location of the interface I'. One asymptotic decom-
position is based on a particular mortar subspace (the constant functions on T'), and the other one is
based on coupling a partial differential equation with an ordinary differential equation. In section 3, a
posteriori error estimates are given and an indicator is proposed. In section 4 the optimal location of
the junction is found by minimizing the indicator. Numerical results are provided showing the efficiency
of the proposed method.

Let f be a regular function defined by

fae={ S (1)

and g € C*(IR) an L-lipschitzian function. The domain Q@ = (0,1) x (0,1) is decomposed in two
subdomains Q; = (0,a) x (0,1) and Q2 = (a,1) x (0,1), the boundary I' = Q; N Q2, and the
boundary 09 is divided into four subparts 1 = {0} x (0,1) 72 = (0,1) x {0} v3 = {1} x (0,1)
Y4 = (071) X {1}

Vs

We consider the following semi linear problem: find U € H?(Q2) solution to:

—AU(z1,22) + g(U) = f(21,22), InQ
8, U =00n7v;1<i<2; (1.2)
U=00n72-1;1<17<2;

Giving an exhaustive description of the existence results for semilinear elliptic problems is out of the

scope of this work, see for example Lions (1982). So we will only consider the case g : z — 25, It

is straightforward to prove the existence and uniqueness of solutions to Problem (1.2) by minimizing
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over a closed subset of H'(Q), the convex lower semi continuous functional (see Ekland, Temam
(1999) for example)

/|VV\2+ Lyt e — IV da.
Q 4 Q
Now let us give a formulation of the problem (1.2) in the domain decomposition context with a

L?-mortar subspace. We define the following functional spaces where D, denotes the directional
derivative with respect to the second variable.

oH' (1) = {p € H'(); |5, = 0};
o (2 )1—{90€H1(92) Plvs = 0}

V = (Ql) X0 H (Qg) (13)
W =g H'(Q1) xo H'(Q2) N {D2pla, = 0};
A = L*T).
equipped with the norms
2
v|3 :Z/ Vo,V deidee; €7 =/£2 dzs (1.4)
i=17 % r

A L? setting is introduced for the Lagrange multiplier because the inner product of L? is easier to
handle than the one of H'/2. Moreover, numerically it is difficult to deal with the H'/? duality. Let us
define (ul,uz, A) € V x A solution to

{ i 1 fQ Vu; Vi + udv; deidas + Jp Mor —v2) dao = Zle fgi fvidzidre; Vv eV (1.5)
Jr &l '

U1—UQ dasg—() VfEA
We have the following result.

Lemma 1.1. Assume f € L*(Q) then, there exists a unique (u1,uz2,\) € V x A solution to Problem
(1.5). Moreover, we have u; = U|q, for1 <i < 2.

Proof. The proof proceed in two steps. First, the existence of U € K solution to Problem (1.7)
is proved. Then the existence of the multiplier is investigated. Let us introduce the following trace
operator:

B:V —=A

(U1,U2) — V1 — V2

(1.6)

Let us denote by A+ the orthogonal subspace to A according to the inner product of L*(T"), and
define K the closed subset of space V' by

K:{’UGV;”UI*’U2‘F€AL}

Consider the following minimization problem

2
U = Argminy Z/ |VVi|? + %V{‘ dx — /Qifvi dz. (1.7)
i=17 %

The functional to be minimized in (1.7) is convex lower semi continuous, the space K is convex, thus
we have existence and uniqueness of a minimizer U € K. Introduce the following bilinear forms:

a, VXV —R

v, w = ay(v,w) = Zle fﬂ Vi Vws + v2vw; deidas (1.8)
b: AxV — R ’
€,U »—>b§, fF U1—’L)2 dCCQ
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Observe that the bilinear positive definite form a. (-, -) define an inner product on V, the norm of which
is equivalent to the H*-semi-norm. Observe that Problem (1.5) expresses as

au(u,v) + b(A,v) + b(&, u) / fvidridra; Yv eV, Vv e A (1.9)

According to the inner product induced by au(-, -), we have the following splitting for the space V:
KPK+=v, (1.10)
with
L ={veV, a(v,w) =0, Vw € K}.

Now we have to prove the existence of the Lagrange multiplier A. Let us prove the following inf-sup
condition: there exists 0 < 3 such that

; u(W,0)+b(p,v)+b(£,1
Inf (0, 0y K x A SUP(y,£)£(0,0)€V XA = 11")5”/\(1‘2;)‘1 €w) > p. (1.11)

Let (w, p) be such that |w|: + ||u]ja = 1.
e Forw € K, choose v = w + wy with w, solution to the problem:

{ —Awl(mh:pg) =0in O
10)

wy = pon T and wy =0 0on 90y \ T (1.12)

we have (wy,0) € K+ since assuming (w1,0) € K lead to w;|r = 0 which combined with the

first equation of (1.12) would lead to w: = 0.
For all v; € HI(Q1),1}1 |6Q1\F: 0

/ Vw1Vv1dx:/,uv1dm2
o T r

and the following estimate holds true:

\w1|f = sup Vw1 Vuidz = sup /;wldxg.
vi€HY(Q1) Sy vi€H(Q1)
vilpg\r=0 vilog, \r=0
lwilr < cz|plo.r (1.13)

Since the space s ) ={¢ € Hz (I") the extension of which by 0 belongs to Hz (0Q1)} is
densely embedded in L?(I"), there exists p. € oz (T): verifying:

= pellor <e.
We choose ¢ such that :

1

jwif = sup /usvl +o1(p— pe)dma > (|l — &) = (lullor +€)e > S |ulF-
w1 €HL (D) 2
v1loQ\r=0

So the following quantity

] — sup Ay (w7 ’U) + b(,LL7 U) + b(f, w)
(v,8)#(0,0)EV XA ||f||A + |U|1

with £ = u, v = w + w1, and estimate (1.13) verifies the following estimation

\w\ +b(p,wy) |w|2 4wy |2 w3 +||#H0A w2+ lpll}
> 1 1 1 A >
Iz HHHAH\ I = lellat+lvly = 20lela+lvl) = 2(11+C2) = (1.14)
A(itcz) B
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Now let us establish that (u; — U)|q, = 0. Choose v; € D(€;), in Problem (1.5), we integrate by parts
in the bilinear form a.(-,-). We deduce V(u; — U)|a, = 0. Thanks to the Dirichlet's conditions on a
part of the boundary, we have: u; — Ulq, = 0.
Choose v; € D(Q); vilv,, = 0; 1 < i < 2. Integrate by parts in the bilinear form a.,(-,-) again, we
have:

Jp Onyurv1 + Onyuzve + AM(v1 — v2) doa =0 (1.15)

Take v1 = 0 we have 9,,us = X\ in L*(T"). Take va = 0 we have 8, u1 = — X in L?(T"). The conditions
are expressed in L? since, u; € H?(Q;), 1 < i < 2 due to the regularity of the Laplacian and the
continuity of the injection H' — L¥ for1 < p < 4c0.
Since b(¢,u) = 0 for all ¢ € L*(T), we deduce that u; = u2 on T.

O

Remark 1.1. Observe that the inf-sup conditions still holds true for a function g which satisfies: g(0) =
0, and Dg(u) is semi definite positive.

2 Asymptotic Domain Decomposition

In this section, we propose two approximated domain decomposition problems by using different
mortar subspaces or different spaces for the solution. Let A¢ = span{1} and let us define (a1, @2, \o) €
V' x Ao solution to

{ ao (i, v) + 327, sz w$vidrides +b(Xo,v) = >0, le fvidridza; Yv eV

b(&,a) =0 V¢ € Ao. (2.1)

Lemma 2.1. Assume f ¢ L*(2) then, there exists a unique (i1, @iz, \o) € V x Ao Solution to Problem
(2.1). Moreover, we have

. 1
anlﬂq = —8n2ﬂ2 n LZ(F); 'ELQ‘F = — / U1 dxo.
[ Jr

Proof. The existence result is a consequence of the inf-sup condition, which is proved in the same
way as in lemma 1 with the inner product a; (-, -) and w, = cz1, and

A= {pe LQ(F);/@(;tz)dmg — 0} = (w1,0) € K*.
T
Integrate by parts in (2.1), thus since i; € H?*(Q;) we have
an2ﬁ2|r = Ao € Ao. (2.2)
Take v, = 0, whatever v, is:
fF(c‘)mzh + )\o)vldmz =0= On, U1 +A0=0 in E[% (F)/ = On, U1 = —Ao. (2.3)

Now, let us prove that & € W. Since )\ is constant, it is easy to prove that @2 (z1) solution to

—ﬂg($1)+ﬁg($1) :fg(f[)l) ina<xl <1 (2 4)
U(a) = Xo;  2(1) = 0; '
is the unique solution . in the domain Q5.
The condition b(1, %) = 0 implies iz (a) = ﬁ Jp @1 das.
O

230



British Journal of Mathematics and Computer Science 2(4), 226-241, 2012

Now, set A, = L*(T") as mortar subspace, and let us define (i1, 42, A2) € W x Az solution to

{ ao (i, v) Zle fﬂl 3vidridrs 4+ b(Ae,v) = Zle fQ7 fvidridry; Yv eV (2.5)

b(E,4) =0 VEE Ay

Lemma 2.2. Assume f € L*(Q) then, there exists a unique (i1, 42, A2) € W x A2 solution to Problem
(2.5). Moreover, we have

1 .
8n2122 = —m / 8n1111 dxz U1 = U2 IN LQ(F).
r

Proof. The space W is a closed subspace of V' thus the existence is proved in the same way as in
Lemma 1.1. The identity equivalent to (1.15) identity with v; = 0 reads: for every ve € L*(T")
fr(anzﬂz - )\2)1}2d$2 = 0. (26)

Since d,., 12 — A2 € A3 we conclude that 8,2 = 2. Take va = 0, for every v; € L*(T") The identity
equivalent to (1.15) identity reads:

fr((?nlﬁl + )\Q)Uld.rz =0= 8n1ﬁ1 = —X2 in AQ. (27)
Since 42 € W, the relation (2.6) reads: On,t2 = —ﬁ Jp Ony @1 dza. The condition b(¢,a) = 0 for
every £ € A implies 42 = 4. O

3 A Posteriori Error Estimates

In this section an a posteriori error estimate is derived for the error between the exact solution of the
domain decomposition formulation of the problem, and the approximated solution by using a mortar
subspace.

Define the bilinear form a,—a(-,-) on V x V by:

2 1
y—g(w,v) = Z/ Vv; Vw; —I—/ 3(su; + (1 — s)ﬂi)2 dsw;v; dzidzs. (3.1)
i=17% 0
Introduce the error e:
e=(u—1a,A— o). (3.2)
For all v € V, the error equation reads:
au_a((u — ’l]‘)7 U) —+ b()\ — )\07 1)) =0. (33)

From (1.15) and the relation on T, u1 = u2, we have

- /(anlﬂlvl —+ anzﬂgvgdxz - / /\()(Ul - ’Uz)dzvg = 0. (34)
r

T

Introduce the following linear form

‘Cu*ﬂ)\o (va) = - / 5(111 - 712) dxo — /(87”&1“1 + angﬂﬂ)zdmz — / Ao(U1 — Ug)dﬂ;‘z. (35)
r r r

We have:
Lu—axr, (v,8) = au—a((u—1u),v) +b(A = Xo,v) +b(&,u—1u)
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Lemma 3.1. Assume f € L*(Q) then, there exists 0 < C(u — i, ) such that the following estimates
hold true.

~ ACT/,, *
Clu— .9 Lan . < lef < £zl (36)
with
1330l = 11 = &7 Jp @ daalo,r (3.7)
and 3 is defined in (1.14).
Proof. We have to evaluate:
_ ay—q(u—0,0)+b(A—=Xg,v)+b(&,u—a)
1£ax0lls = SUP( v Tello,c Tl (3.8)
Gathering (3.8) with the previous Inf-Sup condition (1.14), we deduce
— Jp Ony @1v1+0n, Ggvadaa+b(—Ag,v)+b(E,u—1)
lell < 5 sup( eyev xa = L : (3.9)

(v,€)#(0,0)

which proves the bound from above in (3.6). Accounting for the relation between 0,,, 41,0, @2 and Ao
given in Lemma 2.1 we have:

1 — Jp £(a1—a2) dzo
el < 5 supe.ocvn —Tellorrmn (3.10)
and finally
1, . N 1,. 1 -
llell < EHul — Gzllor = BHul ) n dxa|fo.r- (3.11)
r

The estimate from below is a consequence of the continuity of bilinear forms a..—a(-,-) and b(-, -).
O

The case with Ay as mortar subspace is completed. Now, let us consider the second case where
f € L*(Q) and the mortar subspace is A» = L*(T"). Define the bilinear forms a,_a(-,-) on W x W
as in (3.1), accounting for results in Lemma 2.2, and arguing in the same way as before we get the
following indicator:

1 N .
lle]| < EHamul + Ony 2]

1 1/ N
T = —=||On, 01 — = | On,tndz
0 ﬁ” vin =gy [ O 2|

0,r (3.12)

Remark 3.1. The estimate from below in (3.6) has no practical uses since it involves a constant which
depends on the solution .

Remark 3.2. The result of Lemma 3.1 strongly relies on the inf-sup condition which does not depends
on the shape of the interface T".

4 Optimization with Respect to the Location of the Interface

Let a denote the position of the boundary I". Due to relation (3.11), the proposed strategy is to
minimize with respect to a the functional J(a) defined by:

J(a) = [@1(a, z2) 6,0

1 -
— m U1 (a, z2) dxa
a Ty

The algorithm 4 of minimization we propose is a simple descent algorithm. let ap and T'ol be fixed.
e evaluate the derivative DJ(ax,)
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e if [DJ(an)| < Tol stop and if not
® ant1 = an — 0.DJ(an) Where 6 is fixed number between 0 and 1.
e n =n+ 1 return to the beginning.

Now we evaluate numerically the derivative with respect to the location of the boundary I". To compute
DJ(a,) define:

1
I(a,z2) = t1(a, z2) f/ U1 (a, x2)dxs
0
Observe that
J(a) = (I(a7 332), I(a, IQ))Lz(F)
its derivative D.J(a) = 2(2X222) I(a, 25) 2 1) Where:

81 _ 8ﬁl 1 8&1
%(a»@) = %(a,xz) —/0 E(a,m)dm.

To compute the derivative of @: with respect to 0 < a < 1, the location of I', we use the following
change of geometry which consists in mapping the domain 2 with a moving boundary T', onto a
domain with a fixed boundary I', ;. Thus the change of geometry will yield a change in coefficients
of partial differential equations. Define the transformation 7" by

[0,1] x [0,1] — [0,1] x [0,1]

(z23) = (21,32) = (T(2,0) = (2 — 4a)22 + (4a — 1)z, 22) (4.1)

thus the segment I‘% is mapped to I',. The unknown ¢ is defined by ) = UoT, the composition of U
solution to Problem 1.2 with the change of variables T'. The equation (1.2) becomes for function :
—D.T.D? ) — (D.T)*.D3,.,% + D2.T.Dotp = (D.T)* (f(T,22) — 9°)
8»,{1[1 =0on Y2i; 1 < 7 < 2; (42)
P=00n7y2-1;1<¢< 25

A variational formulation for the decomposed domain problem corresponding to the problem (4.2) with
a mortar subspace Ag is: €1 = (0, 3) x (0,1) and Q> = (3, 1) x (0,1);

Z?:l fQ c(z)VlEVU, dxridzs + 2 Z?:l fQ DzzT.Dzji.’Ui dx1dxo
+ fFa A(/Ul B 02) de = Z?:l fQi (DzT)3 (f’b(Ta ZCQ) - @23) Vg d$1d$2; YveV (43)
Jo€(0 — W) dza =0 VE € Ao.

where c is diagonal 2 x 2 matrix such as ¢;1 = D.T and cz2 = (D.T)*. Now we calculate the
derivative of the indicator J(a) with respect to a with function v:

DJ(a) = 2/01 (ih(a,xg) — /01 ﬁl(a,xz)dm) %(a,xz)dm,

therefore: L L )
DJ(a) = 2/ [!f’l — / @1(11‘2],[@1,1 — / !ﬁladl‘g}dﬁh,
0 0 0

where ¥;, denotes the derivative with respect to a of function ¥, for1 <i<2.
In the case where f € L*(Q2) and A, = L*(I") we use the indicator given in (3.12), we have:

J(a) :/0 (8n11l1(a,x2)*/0 Oy i1 (a, z2)dz2)* dzo (4.4)

1 1 1
DJ(a) = 2/ [6901 \111 — / (9951 ‘111d$2)][811\111a —/ 811\I/1adx2)]d:cg (45)
0 0 0
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where U, is the derive of ¥; with respect to the variable a.
Now take the derive of the equation (4.2) with respect to the variable a. We have:

-D.T.D;..W — (D.T)*.D3,,.,% + D2.T.D;.¥ = D..T.D.¥ + 3D2..(D.T)*.D2,.,¥
—D}..T.D.¥ +3D2,T.(D.T)* (f(T,z2) — ¥*) + DoT(D.T)* (D, f(T,x2) — 3D, ¥¥°)  (4.6)
Define ¥, = D,V the equation (4.6) becomes:
T)3w2m = D2, T.D2, V¥

i)z T)? (fTa:g -3+
Da ( z ) zlf(T,IZ'Q) (47)

-D.T.D..V, — (D.T)? Dimqf +D2,T.D. ¥, +3D,T(D
+3D2.T.(D.T)*.D2,,,V — D3, T.D.¥ + 3D2_T.(

OnWe=00N"2;1<i<2;
W, =00Nn7v2-1; 1 <7< 2

A variational formulation for Problem 4.7 in decomposed domain setting is:

Yoy fﬂ Vz/)wsz +2D2,TD . iqv;) + 3DaT(D. T hovida das + fr (v1 — v2) dz2
=37, fQ 2)Vp;Vu; — 2D3 T D 4;v;)da1 dza+

Y2 o, [3D§z (DT)2(fi(T, w2) = ) + DaT(DT)* Doy fi(T, w2) | vidwrdas Vo € V
[ €(@Wra — Paa)dza =0 VE € Ao

(4.8)
where cis a 2 x 2 diagonal matrix such as c;1 = —D2,T and cg2 = —3D2,T(D.T)>.
Now the section is ended with some numerical examples. Let define U by:
10z [(z1 — 5)%(z2 — 23)° + (1 — 21)?] 0<az; <1
U(xi,22) = { 1021 (1 — 1) % <m <1 (4.9)
and function f by:
10[(12t — 2)xT + (—18t + 3)z} + (52 + 9t — 12t%)a? + (9t — 3t — 22,y
f(z1,22) =342 + 4] + 1000273 [t*(z1 — 3)° 4+ (1 — 1)]? 0<z <3 (4.10)
100023 (1 — £1)% + 10(—6x1 + 4) l<m<l

with:t = (x2 — 23)?. It is straightforward to check that U solves

—AU(z1,22) + U(z1,22)° = f(21,22), INQ

O U =00Nn72;; 1 <¢<2; (4.11)

U=00n7y2-1;1<1<2.
Observe that U solves a domain decomposition formulation with an interface T" located at a = %
Let us define V}, respectively W}, the spaces V respectively W approximated with a triangular Lagrange
finite element method of order one, the maximal size of triangles diameter is h = 10~!. The space
A4, is constituted with the traces of space V}, on the interface I',. Let (un, An)) € Vi X A2, be solution
to

{ 2 fﬂ1 Vi, Vi, +uf, viy, dordey + [ v, — va,,) daa = 2 ISL fvi, deidxa; Yo, € Vi
Jrén(ur, —uz,)dze =0 VE, € Mg, .

(4.12)
For solving numerically Problem (4.12) a fixed point strategy is used. In Figure 1 the error between U
and uy, is represented for the three first iterations of the fixed point, and for the converged solution.
The discontinuity of the error through T" is due to the discontinuity of the approached solution through
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Figure 1: error function

r.

Now let us define (iin, Ao)) € Vi x {C**} be solution to

{ Z?:l sz Vﬁihvwh + ﬁ?h’l)ih dx1dxo + fl“ )\o(vlh — ’Ugh) dzo = Z?:l f91 fvih da:ldxz; Yo, € Vi,
fl“ §(ﬂ1h — ﬂ2h) dzo =0 V§ S {CSt}.

(4.13)
In Figure 4 the error between the exact solution and the solution to the domain decomposition problem
(4.13), is presented for four locations of T',.

teration 9: a=0.45 Iteration 9: a=0.35

2 ermor function

teration 9: 2=0.25 teration 9: 2=0.15

Define the indicator by:

N 1 5
7(@) = i, (.22) = / i, (0, 22) da 3.

Problem (4.8) is approximated in V;, x {C®*}, then J(a) is computable whatever a is. In Figure 2, the
curve a — J(a) is presented.
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045+
o4
035
GEL
502t
0z
015+
o1

0.0s -
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02 03 03 04 045 05 05 0B 0B 07 075
a

Figure 2: Indicator for mortar subspace Ag

The algorithm 4 defined in section ?? has been implemented, and the derivative D.J(a,) has been
computed by solving Problem (4.8) approximated with a triangular Lagrange finite element method of
order one. In Figure 3-4 convergence curves are presented for starting points ap = .35 and ap = .65
with a mortar subspace Ao.

018 Y

016 u

004 : =]

L i i i L
034 036 038 0.4 042 044 046 0.48 05
location of T, iteration

Figure 3: Indicator as function of location of the interface left and position of the
interface as function of iterations right

Now let us come to the second mortar subspace presented. Let be f € L?*(Q) and ((tn, \2) €
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0 i i i i i i i
048 05 052 05 0% 05 06 OB 0B 066
location of T,

Figure 4: Indicator as function of location of the interface left and location as
function of iterations right

Wi, x As, be solution to
Zz?:l fnl Vi, Vi, + ﬂfh“ih dridrs + fr Ao(v1, —v2,)dr2 = Z?:l fnl fui, deidxa; VYo, € Wy
fr f('fmh - ﬁZh)dl? =0 V¢e Azh}.
(4.14)

In Figure 5 the error between the exact solution and the approached solution for the three first
iterations of the fixed point and for the converged solution are given. Define the indicator by:

1 1
J(a) :/ (Ony 11, (@, z2) —/ On, 01, (a, xg)dx2)2dm2 (4.15)
0 0

In Figure 6, the indicator is plotted as function of the location of the interface.
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Figure 5: error with a mortar subspace As

Doing in the same way as before, in Figure 7 the indicator is represented as function of the
position of the interface for a starting position ap = .35, and the location of the interface is described
as function of the iterations.

Let us conclude this paper with some computational considerations.

e The proposed indicator is computed only with u;, the approximated solution in domain ;.

e When dealing with a 2D or 3D domain linked with 1D domains, that is to say when considering
a semi linear PDE linked with ODE'’s, for a prescribed accuracy the question is: does it better
to change the locations of the interfaces of the domain 2, or does it better to refine the mesh
in the domain €2;. The answer is quite simple, by using your favorite indicator of the mesh error
, you compare it to the indicators of the location error proposed in this article. Then you are
able to decide if you should refine the mesh or if you should move the interfaces. For example,
for Problem 4.13 an accuracy of 1072 is required. Let us start with an interface located at
a = .35 and with a size of mesh of 10~!. Compute the indicator of the location error we get
0.1944, and the indicator of the mesh error is valued between 0.0203 and 0.0268 (see Table
8). Thus the interface is moved to a = .4 in order to enlarge the size of the domain Q;. The
indicator of the location error becomes 0.1122, and the indicator of the mesh error is valued
between 0.0512 and 0.0264. The mesh is then refined in the domain ©; with a mesh size of
5102 and the indicator of the mesh error is valued between 0.0147 and 0.0831. The interface
is now moved to a = .45, the indicator of the location error becomes 0.0514. In Figure 10, the
mesh of domain Q; is presented. The mesh refinement strategy is quite crude, since the mesh
is uniformly refined.

e Observe that whatever the values of the indicator of the mesh error is, it is possible to reach
the optimal location of the interface.
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Figure 6: error evaluation in case Az

The shape of the interface T is basically governed by the asymptotic properties of the solution U,
depending on the geometry of the domain for example. In the presented problem, the interface is
very simple, but well suited to the aim to couple a semi linear 1D problem with a 2D problem. If
the interface were a curve, the presented results could be generalized at the expense of a more
complicated derivative Problem 4.7, since the change of variables would induce a PDE problem with
full variable coefficients. If from asymptotic analysis it is known that the solution U does not depend
on the second variable for z1 > a, then a curved interface completely immersed in 1 > a could be
considered and for example the results of Section ?? will remain unchanged.
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04

Figure 7: Indicator as function of location left and position of the interface as
function of iterations right

h a location ind min err indic mesh | max err indic mesh
107! 0.45 0.0518 0.0708 0.3153

0.40 0.1122 0.0512 0.2646

0.35 0.1944 0.0203 0.2687
5107 0.45 0.0514 0.0147 0.0831

0.40 0.1117 0.0115 0.0705

0.35 0.1949 0.0040 0.0730

Figure 8: Location indicator and mesh error indicator for two meshes

Figure 9: mesh of domain

Figure 10:
domain

refine mesh of
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