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Abstract

We show that the matrix exponential Diophantine equation (Xn − Iq×n)(Y n − Iq×n) = Z2, admits at least
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structures of matrix solutions in Mn×m(N) for every pair (n,m) of positive integers such that n 6= m. We show
the connection between the construction structures of matrix solutions of an exponential Diophantine equation
and Integer factorization. We show that the matrix Diophantine equation Xn+Y m = Zq, n,m, q ∈ N, admits
at least 8× n×m× q different construction structures of matrix solutions in Mn×m×q(N).
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1 Introduction and Main Result

Let a and b be two different fixed positive integers. The exponential Diophantine equation

(an − 1)(bn − 1) = x2, x, n ∈ N, a > 1, b > 1, x 6= 0, n 6= 0, (1.1)

has been studied by many authors [1, 2, 3, 4, 5, 6, 7]. In 2020, Noubissie, Togbe and Zhang showed that the
equation (1.1) with b ≡ 3(mod 8), b prime and a even has no solution in positive integers n, x [8]. Recent
Mouanda’s work on matrix solutions of Diophantine equations (Fermat’s Diophantine equation) shows that
these Diophantine equations always admit, in each case, an infinite number of matrix solutions [9]-[11].

In this paper, we show that matrix exponential Diophantine equations always have a finite number of construction
structures of matrix solutions.
Theorem 1.1. Let n be a positive integer. The matrix exponential Diophantine equation

(Xn − Iq×n)(Y n − Iq×n) = Z2, X 6= Y, q ∈ N,

admits at least 4× n2 different construction structures of matrix solutions.

We show that the matrix exponential Diophantine equation

(Xn − In×m)(Y m − In×m) = Z2,

admits at least 4×n×m different construction structures of matrix solutions in Mn×m(N) for every pair (n,m)
of positive integers such that n 6= m. We establish the connection between the construction structures of matrix
solutions of an exponential Diophantine equation and Integer factorization. We introduce an algorithm which
allows us to show that the matrix Diophantine equation Xn+Y m = Zq, n,m, q ∈ N, admits at least 8×n×m×q
different construction structures of matrix solutions in Mn×m×q(N).

2 Proof of the Main Result

In this section, we show that the matrix solutions of Diophantine equations rely on the construction structures of
matrices and it is possible to compute the number of construction structures of matrix solutions of Diophantine
equations.

Definition 2.1. A positive integer which is the product of two prime numbers is called a semiprime.

Definition 2.2. [9]. The n× n-matrices of the form

c



0 1 0 0 . . . 0 0 0 0
0 0 1 0 . . . 0 0 0 0
0 0 0 1 . . . 0 0 0 0
0 0 0 0 . . . 0 0 0 0
...

...
...

... . . .
...

...
...

...
0 0 0 0 . . . 0 1 0 0
0 0 0 0 . . . 0 0 1 0
0 0 0 0 . . . 0 0 0 1
a 0 0 0 . . . 0 0 0 0


, c



0 0 0 0 . . . 0 0 0 b
1 0 0 0 . . . 0 0 0 0
0 1 0 0 . . . 0 0 0 0
0 0 1 0 . . . 0 0 0 0
...

...
...

... . . .
...

...
...

...
0 0 0 0 . . . 0 0 0 0
0 0 0 0 . . . 1 0 0 0
0 0 0 0 . . . 0 1 0 0
0 0 0 0 . . . 0 0 1 0


,a 6= 0, c 6= 0, b 6= 0, a, b, c ∈ C, are called Rare matrices of order n and index 1.

The index defines the number of non-zero complex coefficients of the matrix different to 1. It well known that
Rare matrices have interesting properties.
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Remark 2.3. [9]. Let

Aα =



0 1 0 0 . . . 0 0 0 0
0 0 1 0 . . . 0 0 0 0
0 0 0 1 . . . 0 0 0 0
0 0 0 0 . . . 0 0 0 0
...

...
...

... . . .
...

...
...

...
0 0 0 0 . . . 0 1 0 0
0 0 0 0 . . . 0 0 1 0
0 0 0 0 . . . 0 0 0 1
α 0 0 0 . . . 0 0 0 0


∈Mn(C), α 6= 0,

be a Rare matrix of order n and index 1. Then

Anα =



α 0 0 0 . . . 0 0 0 0
0 α 0 0 . . . 0 0 0 0
0 0 α 0 . . . 0 0 0 0
0 0 0 α . . . 0 0 0 0
...

...
...

... . . .
...

...
...

...
0 0 0 0 . . . α 0 0 0
0 0 0 0 . . . 0 α 0 0
0 0 0 0 . . . 0 0 α 0
0 0 0 0 . . . 0 0 0 α


, A−1

α =



0 0 0 0 . . . 0 0 0 1
α

1 0 0 0 . . . 0 0 0 0
0 1 0 0 . . . 0 0 0 0
0 0 1 0 . . . 0 0 0 0
...

...
...

... . . .
...

...
...

...
0 0 0 0 . . . 0 0 0 0
0 0 0 0 . . . 1 0 0 0
0 0 0 0 . . . 0 1 0 0
0 0 0 0 . . . 0 0 1 0


,

A−1
α = AT1

α
, Anα = αIn, (βAα)−1 =

1

β
A−1
α , β 6= 0.

These observations imply that

Ank+qα = Ankα Aqα = (Anα)kAqα = (αIn)kAqα = αkAqα, q < n,Aα ×
1

α
An−1
α = In.

It is well known that the set
{
Akα : k ∈ Z

}
is a commutative group [9].

Definition 2.4. A matrix B ∈Mn(N) is a construction structure of matrix solutions of Diophantine equations
if there exist two positive integers m,β such that Bm − β × In = 0.

This definition is equivalent to say that there exists a positive integer m such that Bm is a Rare matrix of order
n and index 0. Denote by

Dn(N) = {B ∈Mn(N) : Bm − β × In = 0,m, β ∈ N}

the set of all construction structures of matrix solutions of Diophantine equations from Mn(N). A matrix
Diophantine equation can admit several construction structures. For example, let x be a positive integer.
Consider the matrix

Ax = Ax,1 =



0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 1
x 0 0 0 0 0 0 0 0 0 0 0
0 x 0 0 0 0 0 0 0 0 0 0



.
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A simple calculation shows that A6
x = x× I12. Therefore, Ax ∈ D12(N). The structure of the matrix Ax allows

us to construct the matrix solutions of the exponential Diophantine equation (X6−I12)(Y 6−I12) = Z2. Indeed,

(A6
x2+1 − I12)(A6

y2+1 − I12) = x2y2 × I12 = B2
x,y

where Bx,y is the matrix of the form

Bx,y =



0 0 0 0 0 0 0 0 0 0 0 xy
0 xy 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 xy 0 0
0 0 0 0 0 0 0 0 xy 0 0 0
0 0 0 0 0 0 0 xy 0 0 0 0
0 0 0 0 0 0 xy 0 0 0 0 0
0 0 0 0 0 xy 0 0 0 0 0 0
0 0 0 0 xy 0 0 0 0 0 0 0
0 0 0 xy 0 0 0 0 0 0 0 0
0 0 xy 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 xy 0
xy 0 0 0 0 0 0 0 0 0 0 0



∈ D12(N).

The choice of Bx,y is not unique. The matrix Bx,y can generate other matrices which can be used. This can
be achieved by just simple permutations of the entries xy inside the matrix Bx,y. We can claim that the triples
(Ax2+1, Ay2+1, Bx,y), x, y ∈ N, are matrix solutions of the matrix equation

(X6 − I2×6)(Y 6 − I2×6) = Z2.

The matrix exponential Diophantine equation (X6 − I2×6)(Y 6 − I2×6) = Z2 admits at least 144 construction
structures of matrix solutions. Indeed, the matrices

Ax,2 =



0 0 x 0 0 0 0 0 0 0 0 0
0 0 0 x 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 1
1 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0



,

Ax,3 =



0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 x 0 0 0 0 0 0 0
0 0 0 0 0 x 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 1
1 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0



,
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Ax,4 =



0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 x 0 0 0 0 0
0 0 0 0 0 0 0 x 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 1
1 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0



,

Ax,5 =



0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 x 0 0 0
0 0 0 0 0 0 0 0 0 x 0 0
0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 1
1 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0



,

Ax,6 =



0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 x 0
0 0 0 0 0 0 0 0 0 0 0 x
1 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0


are construction structures of matrix solutions of the exponential Diophantine equation

(X6 − I2×6)(Y 6 − I2×6) = Z2.

We can choose the construction structure of X and Y inside the set{
Ax,i, A

T
x,i : i ∈ {1, 2, 3, 4, 5, 6}

}
.

Therefore, there are at least 12×12 = 144 construction structures of matrix solutions of this equation for a fixed
choice of Z. The permutations of the coefficients of Bx,y give us different choices of Z. In order to compute the
exact number of choices of Z, we need to find out the number of permutations of the coefficients of Bx,y which
make Z2a Rare matrix of order n and index 0.
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Notation: Let

Aα = Aα,1 =



0 1 0 0 . . . 0 0 0 0
0 0 1 0 . . . 0 0 0 0
0 0 0 1 . . . 0 0 0 0
0 0 0 0 . . . 0 0 0 0
...

...
...

... . . .
...

...
...

...
0 0 0 0 . . . 0 1 0 0
0 0 0 0 . . . 0 0 1 0
0 0 0 0 . . . 0 0 0 1
α 0 0 0 . . . 0 0 0 0


∈Mn(C), α 6= 0,

be a Rare matrix of order n and index 1. Denote by

Aα,2 =



0 α 0 0 . . . 0 0 0 0
0 0 1 0 . . . 0 0 0 0
0 0 0 1 . . . 0 0 0 0
0 0 0 0 . . . 0 0 0 0
...

...
...

... . . .
...

...
...

...
0 0 0 0 . . . 0 1 0 0
0 0 0 0 . . . 0 0 1 0
0 0 0 0 . . . 0 0 0 1
1 0 0 0 . . . 0 0 0 0


, Aα,3 =



0 1 0 0 . . . 0 0 0 0
0 0 α 0 . . . 0 0 0 0
0 0 0 1 . . . 0 0 0 0
0 0 0 0 . . . 0 0 0 0
...

...
...

... . . .
...

...
...

...
0 0 0 0 . . . 0 1 0 0
0 0 0 0 . . . 0 0 1 0
0 0 0 0 . . . 0 0 0 1
1 0 0 0 . . . 0 0 0 0



Aα,4 =



0 1 0 0 . . . 0 0 0 0
0 0 1 0 . . . 0 0 0 0
0 0 0 α . . . 0 0 0 0
0 0 0 0 . . . 0 0 0 0
...

...
...

... . . .
...

...
...

...
0 0 0 0 . . . 0 1 0 0
0 0 0 0 . . . 0 0 1 0
0 0 0 0 . . . 0 0 0 1
1 0 0 0 . . . 0 0 0 0


, ..., Aα,n−2 =



0 1 0 0 . . . 0 0 0 0
0 0 1 0 . . . 0 0 0 0
0 0 0 1 . . . 0 0 0 0
0 0 0 0 . . . 0 0 0 0
...

...
...

... . . .
...

...
...

...
0 0 0 0 . . . 0 α 0 0
0 0 0 0 . . . 0 0 1 0
0 0 0 0 . . . 0 0 0 1
1 0 0 0 . . . 0 0 0 0


,

Aα,n−1 =



0 1 0 0 . . . 0 0 0 0
0 0 1 0 . . . 0 0 0 0
0 0 0 1 . . . 0 0 0 0
0 0 0 0 . . . 0 0 0 0
...

...
...

... . . .
...

...
...

...
0 0 0 0 . . . 0 1 0 0
0 0 0 0 . . . 0 0 α 0
0 0 0 0 . . . 0 0 0 1
1 0 0 0 . . . 0 0 0 0


, Aα,n =



0 1 0 0 . . . 0 0 0 0
0 0 1 0 . . . 0 0 0 0
0 0 0 1 . . . 0 0 0 0
0 0 0 0 . . . 0 0 0 0
...

...
...

... . . .
...

...
...

...
0 0 0 0 . . . 0 1 0 0
0 0 0 0 . . . 0 0 1 0
0 0 0 0 . . . 0 0 0 α
1 0 0 0 . . . 0 0 0 0


.

Let us notice that every Aα,j ∈ Dn(N), 1 ≤ j ≤ n and Aα,j is invertible. In fact, the set
{
Akα,j : k ∈ Z

}
is a

commutative group of matrices for all 1 ≤ j ≤ n. The elements of the set Dn(N) play an important role on
solving the matrix exponential Diophantine equation

(Xn − Iq×n)(Y n − Iq×n) = Z2, X 6= Y.

The difficulty of knowing which one can be selected for solving this equation can be challenging for n sufficiently
large with q and n are prime numbers. In other words, when q×n is a sufficiently large semiprime, it is difficult
to find the matrix solutions of this Diophantine equation. This difficulty could lead to serious cryptography
problems. This equation admits at least 4n2 different construction structures of matrix solutions.
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Proof of Theorem 1.1

Let α be a positive integer and let

Aα+1 =



0 0 0 0 1 . . . 0 0 0 0 0
0 0 0 0 0 . . . 0 0 0 0 0
0 0 0 0 0 . . . 1 0 0 0 0
0 0 0 0 0 . . . 0 1 0 0 0
0 0 0 0 0 . . . 0 0 1 0 0
...

...
...

...
... . . .

...
...

...
...

...
0 0 0 0 0 . . . 0 0 0 0 1

α+ 1 0 0 0 0 . . . 0 0 0 0 0
0 α+ 1 0 0 0 . . . 0 0 0 0 0

. . .
. . .

. . .
. . .

. . . . . .
. . .

. . .
. . .

. . .
. . .

0
. . . 0 α+ 1︸ ︷︷ ︸

qthdiagonal

0 . . . 0 0 0 0 0



∈Mq×n(N)

be a Rare matrix of order q × n and index q. A simple calculation shows that

Anα+1 = (α+ 1)× Iq×n.

Therefore,

Anα+1 − Iq×n = α× Iq×n.

This implies that

(Anx2+1 − Iq×n)(Any2+1 − Iq×n) = x2y2 × Iq×n = B2
x,y, ∀x, y ∈ N

with

Bx,y =



0 0 0 0 0 . . . 0 0 0 0 xy
0 xy 0 0 0 . . . 0 0 0 0 0
0 0 0 0 0 . . . 0 0 xy 0 0
0 0 0 xy 0 . . . 0 0 0 0 0
0 0 0 0 0 . . . xy 0 0 0 0
...

...
...

...
... . . .

...
...

...
...

...
0 0 0 0 xy . . . 0 0 0 0 0
0 0 0 0 0 . . . 0 xy 0 0 0
0 0 xy 0 0 . . . 0 0 0 0 0
0 0 0 0 0 . . . 0 0 0 xy 0
xy 0 0 0 0 . . . 0 0 0 0 0



∈Mq×n(N).

The construction structure of the matrix Aα+1 allows the construction of the matrix solutions of the
exponential Diophantine equation

(Xn − Iq×n)(Y n − Iq×n) = Z2, X 6= Y.

This matrix satisfies Anα+1 = (α+ 1)× Iq×n. The construction structure of any matrix B ∈Mq×n(N) which
satisfies Bn = β × Iq×n, β ∈ N, allows the construction of the matrix solutions of this exponential Diophantine

7



Mouanda; J. Adv. Math. Com. Sci., vol. 39, no. 5, pp. 1-14, 2024; Article no.JAMCS.114693

equation as well. Therefore, the construction structures of the matrices

Aα+1,2 =



0 0 0 0 1 + α . . . 0 0 0 0 0
0 0 0 0 0 . . . 0 0 0 0 0
0 0 0 0 0 . . . 1 + α 0 0 0 0
0 0 0 0 0 . . . 0 α+ 1︸ ︷︷ ︸

qthelement

0 0 0

0 0 0 0 0 . . . 0 0 1 0 0
...

...
...

...
... . . .

...
...

...
...

...
0 0 0 0 0 . . . 0 0 0 0 1
1 0 0 0 0 . . . 0 0 0 0 0
0 1 0 0 0 . . . 0 0 0 0 0

. . .
. . .

. . .
. . .

. . . . . .
. . .

. . .
. . .

. . .
. . .

0
. . . 0 1︸︷︷︸

qthdiagonal

0 . . . 0 0 0 0 0



,

Aα+1,3 =



0 0 0 0 1 . . . 0 0 0 0 0
0 0 0 0 0 . . . 0 0 0 0 0
0 0 0 0 0 . . . 1 0 0 0 0
0 0 0 0 0 . . . 0 1︸︷︷︸

qthelement

0 0 0

0 0 0 0 0 . . . 0 0 1 + α 0 0
...

...
...

...
... . . .

...
...

...
...

...
0 0 0 0 0 . . . 0 0 0 0 1
1 0 0 0 0 . . . 0 0 0 0 0
0 1 0 0 0 . . . 0 0 0 0 0

. . .
. . .

. . .
. . .

. . . . . .
. . .

. . .
. . .

. . .
. . .

0
. . . 0 1︸︷︷︸

qthdiagonal

0 . . . 0 0 0 0 0



, ...,

Aα+1,n =



0 0 0 0 1 . . . 0 0 0 0 0
0 0 0 0 0 . . . 0 0 0 0 0
0 0 0 0 0 . . . 1 0 0 0 0
0 0 0 0 0 . . . 0 1︸︷︷︸

qthelement

0 0 0

0 0 0 0 0 . . . 0 0 1 0 0
...

...
...

...
... . . .

...
...

...
...

...
0 0 0 0 0 . . . 0 0 0 0 α+ 1︸ ︷︷ ︸

qthelement

1 0 0 0 0 . . . 0 0 0 0 0
0 1 0 0 0 . . . 0 0 0 0 0

. . .
. . .

. . .
. . .

. . . . . .
. . .

. . .
. . .

. . .
. . .

0
. . . 0 1︸︷︷︸

qthdiagonal

0 . . . 0 0 0 0 0


allows the construction of the matrix solutions of the exponential Diophantine equation

(Xn − Iq×n)(Y n − Iq×n) = Z2, X 6= Y.
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We can choose the construction structure of X and Y inside the set{
Aα+1,i, A

T
α+1,i : i ∈ {1, 2, ..., n}

}
.

Therefore, there are 4× n2 construction structures of matrix solutions of this exponential Diophantine
equation. �

3 Connections between Matrix Exponential Diophantine
Equations and Integer Factorization

In 1977, Rivest-Shamir-Adleman introduced a public key encryptosystem for secure data transmission called RSA
[12]. Integer factorization is the decomposition, when possible, of a positive integer into a product of smaller
integers and prime factorization is the decomposition, when possible, of a positive integer into a product of
smaller prime numbers [13]- [16]. Integer factorization of sufficiently large semiprimes is very complex. It is well
known that when the numbers are sufficiently large no integer factorization algorithm is known. The difficulty
of this problem is very important for the algorithms used in cryptography such as RSA public key encryption
and RSA digital signature [17]. Many branches of mathematics (elliptic curves, algebraic number theory and
quantum computing) are interested in the difficulty of integer factorization of sufficiently large numbers. In 2019,
Fabrice Boudot, Pierrick Gaudry, Aurore Guillevic, Nadia Heninger, Emmanuel Thome and Paul Zimmermann
factored a 240-digit number (RSA-240) [18]. Integer factorization of sufficiently large semiprimes, the product
of two prime numbers, is very hard [19]. Many cryptographic protocols (RSA) are based on integer factorization
difficulty of sufficiently large numbers [20, 21]. It is still unknown that the exponential Diophantine equation

(an − 1)(bm − 1) = x2, x, n,m ∈ N, n 6= m,a > 1, b > 1, x 6= 0, n 6= 0, (3.1)

admits at all any positive integer solutions. However, in this section, we show that the matrix exponential
Diophantine equation

(Xn − In×m)(Y m − In×m) = Z2

has an infinite number of matrix solutions in Mn×m(N) for every pair (n,m) of positive integers such that n 6= m.

Theorem 3.1. Let n,m be two positive integers such that n 6= m. The matrix exponential Diophantine equation

(Xn − In×m)(Y m − In×m) = Z2,

admits at least 4× n×m construction structures of matrix solutions.

Proof. Let α, β be two positive integers. Let

Aα+1 =



0 0 0 0 1 . . . 0 0 0 0 0
0 0 0 0 0 . . . 0 0 0 0 0
0 0 0 0 0 . . . 1 0 0 0 0
0 0 0 0 0 . . . 0 1 0 0 0
0 0 0 0 0 . . . 0 0 1 0 0
...

...
...

...
... . . .

...
...

...
...

...
0 0 0 0 0 . . . 0 0 0 0 1

α+ 1 0 0 0 0 . . . 0 0 0 0 0
0 α+ 1 0 0 0 . . . 0 0 0 0 0

. . .
. . .

. . .
. . .

. . . . . .
. . .

. . .
. . .

. . .
. . .

0
. . . 0 α+ 1︸ ︷︷ ︸

mthdiagonal

0 . . . 0 0 0 0 0



∈Mn×m(N)
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be a Rare matrix of order n×m and index m. Let

Bβ+1 =



0 0 0 0 1 . . . 0 0 0 0 0
0 0 0 0 0 . . . 0 0 0 0 0
0 0 0 0 0 . . . 1 0 0 0 0
0 0 0 0 0 . . . 0 1 0 0 0
0 0 0 0 0 . . . 0 0 1 0 0
...

...
...

...
... . . .

...
...

...
...

...
0 0 0 0 0 . . . 0 0 0 0 1

β + 1 0 0 0 0 . . . 0 0 0 0 0
0 β + 1 0 0 0 . . . 0 0 0 0 0

. . .
. . .

. . .
. . .

. . . . . .
. . .

. . .
. . .

. . .
. . .

0
. . . 0 β + 1︸ ︷︷ ︸

nthdiagonal

0 . . . 0 0 0 0 0



∈Mn×m(N)

be a Rare matrix of order n×m and index n. A simple calculation shows that

Anα+1 = (α+ 1)× In×m, Bmβ+1 = (β + 1)× In×m.

Therefore,

Anα+1 − In×m = α× In×m, Bmβ+1 − In×m = β × In×m.

This implies that

(Anα+1 − In×m)(Bmβ+1 − In×m) = αβ × In×m.

Assume that α = x2 and β = y2. One has

(Anx2+1 − In×m)(Bmy2+1 − In×m) = x2y2 × In×m = H2
x,y

with

Hx,y =



0 0 0 0 0 . . . 0 0 0 0 xy
0 xy 0 0 0 . . . 0 0 0 0 0
0 0 0 0 0 . . . 0 0 xy 0 0
0 0 0 xy 0 . . . 0 0 0 0 0
0 0 0 0 0 . . . xy 0 0 0 0
...

...
...

...
... . . .

...
...

...
...

...
0 0 0 0 xy . . . 0 0 0 0 0
0 0 0 0 0 . . . 0 xy 0 0 0
0 0 xy 0 0 . . . 0 0 0 0 0
0 0 0 0 0 . . . 0 0 0 xy 0
xy 0 0 0 0 . . . 0 0 0 0 0



∈Mn×m(N), x, y ∈ N.

Therefore, the triples (Ax2 , By2 , Hx,y), x, y ∈ N, are matrix solutions of the exponential Diophantine equation

(Xn − In×m)(Y m − In×m) = Z2.

The matrix Aα generates at least 2n different construction structures of matrix solutions and the matrix Bβ
generates at least 2m different construction structures of matrix solutions. Finally, the matrices Aα and Bβ
generate together at least 4× n×m different construction structures of matrix solutions of the matrix
exponential Diophantine equation

(Xn − In×m)(Y m − In×m) = Z2.

�
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There are several connections between the construction structures of matrix solutions of the exponential Diophantine
equations and Integer factorization.

Example: Find the smallest number of construction structures of matrix solutions of the exponential
Diophantine equation

(Xn − I30,068,443)(Y n − I30,068,443) = Z2.

The difficulty of solving this exponential Diophantine equation is linked to the difficulty of factorizing the number
30,068,443.

The number 30, 068, 443 = 7, 919× 3, 797 is a semiprime, since the numbers 7,919 and 3,797 are prime numbers.
For example, if we can choose n = 3, 797, in this case, we have to solve the matrix Diophantine equation

(X3,797 − I30,068,443)(Y 3,797 − I30,068,443) = Z2.

Let

Ax2+1 =



0 1 0 0 . . . 0 0 0 0
0 0 1 0 . . . 0 0 0 0
0 0 0 1 . . . 0 0 0 0
0 0 0 0 . . . 0 0 0 0
...

...
...

... . . .
...

...
...

...
0 0 0 0 . . . 0 1 0 0
0 0 0 0 . . . 0 0 1 0
0 0 0 0 . . . 0 0 0 1

x2 + 1 0 0 0 . . . 0 0 0 0


∈M30,068,443(C), x 6= 0, x ∈ N,

be a Rare matrix of order 30,068,443 and index 1. The matrix A7,919

x2+1
has a construction structure of matrix

solutions. This matrix generates 3,797 construction structures of matrix solutions of Diophantine equations.
Theorem 3.1 allows us to claim that the exponential Diophantine equation

(Xn − I30,068,443)(Y n − I30,068,443) = Z2

admits at least 4× 3, 797× 3, 797 = 57, 668, 836 construction structures of matrix solutions.

4 Construction Structures of Matrix Solutions of the Diophantine
Equations Xn + Y m = Zq

Let α be a positive integer and let

Qα =

 0 1 0
0 0 α
1 0 0


be a matrix. This matrix has a construction structure of matrix solutions of Diophantine equations, since
Q3
α = α× I3. We can notice that 0 1 0

0 0 α
1 0 0

6

+

 0 1 0
0 0 2α+ 1
1 0 0

3

=

 0 1 0
0 0 α+ 1
1 0 0

6

.

The triples (Qα, Q2α+1, Qα+1) are matrix solutions of the Diophantine equation X6 + Y 3 = Z6. In general,
these matrix solutions do not have a common matrix factor. We can deduce that 0 α 0

0 0 1
1 0 0

6

+

 0 1 0
0 0 1

2α+ 1 0 0

3

=

 0 α+ 1 0
0 0 1
1 0 0

6

.

The Diophantine equation X6 + Y 3 = Z6 admits several construction structures.
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Remark 4.1. Let α be a positive integer. Then, 0 1 0
0 0 αn

1 0 0

3

=

 0 1 0
0 0 α
1 0 0

3n

, n ∈ N, n ≥ 1.

Recall that

(a+ b)n = an +

n∑
k=1

n!

k!(n− k)!
an−kbk, a, b, n ∈ N.

Then,  0 1 0
0 0 a
1 0 0

3n

+

 0 1 0

0 0 (
∑n
k=1

n!
k!(n−k)!a

n−kbk)

1 0 0

3

=

 0 1 0
0 0 a+ b
1 0 0

3n

, n ≥ 2.

Finally, the the Diophantine equation X3n + Y 3 = Z3n admits an infinite number of matrix solutions for every
positive integer n.

Theorem 4.2. Let n,m, q be three positive integers. The matrix Diophantine equation

Xn + Y m = Zq

admits at least 8× n×m× q different construction structures of matrix solutions.

Proof. Let α, β, δ be three positive integers. Let

Aα =



0 0 0 0 1 . . . 0 0 0 0 0
0 0 0 0 0 . . . 0 0 0 0 0
0 0 0 0 0 . . . 1 0 0 0 0
0 0 0 0 0 . . . 0 1 0 0 0
0 0 0 0 0 . . . 0 0 1 0 0
...

...
...

...
... . . .

...
...

...
...

...
0 0 0 0 0 . . . 0 0 0 0 1
α 0 0 0 0 . . . 0 0 0 0 0
0 α 0 0 0 . . . 0 0 0 0 0

. . .
. . .

. . .
. . .

. . . . . .
. . .

. . .
. . .

. . .
. . .

0
. . . 0 α︸︷︷︸

(m×q)thdiagonal

0 . . . 0 0 0 0 0



∈Mn×m×q(N)

be a Rare matrix of order n×m× q and index m× q. Let

Bβ =



0 0 0 0 1 . . . 0 0 0 0 0
0 0 0 0 0 . . . 0 0 0 0 0
0 0 0 0 0 . . . 1 0 0 0 0
0 0 0 0 0 . . . 0 1 0 0 0
0 0 0 0 0 . . . 0 0 1 0 0
...

...
...

...
... . . .

...
...

...
...

...
0 0 0 0 0 . . . 0 0 0 0 1
β 0 0 0 0 . . . 0 0 0 0 0
0 β 0 0 0 . . . 0 0 0 0 0

. . .
. . .

. . .
. . .

. . . . . .
. . .

. . .
. . .

. . .
. . .

0
. . . 0 β︸︷︷︸

(n×q)thdiagonal

0 . . . 0 0 0 0 0



∈Mn×m×q(N)
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be a Rare matrix of order n×m× q and index n× q. Let

Cδ =



0 0 0 0 1 . . . 0 0 0 0 0
0 0 0 0 0 . . . 0 0 0 0 0
0 0 0 0 0 . . . 1 0 0 0 0
0 0 0 0 0 . . . 0 1 0 0 0
0 0 0 0 0 . . . 0 0 1 0 0
...

...
...

...
... . . .

...
...

...
...

...
0 0 0 0 0 . . . 0 0 0 0 1
δ 0 0 0 0 . . . 0 0 0 0 0
0 δ 0 0 0 . . . 0 0 0 0 0

. . .
. . .

. . .
. . .

. . . . . .
. . .

. . .
. . .

. . .
. . .

0
. . . 0 δ︸︷︷︸

(n×m)thdiagonal

0 . . . 0 0 0 0 0



∈Mn×m×q(N)

be a Rare matrix of order n×m× q and index n×m. A simple calculation shows that

Anα = α× In×m×q, B
m
β = β × In×m×q, C

q
δ = δ × In×m×q.

Therefore,
Anx +Bmy = Cqx+y, ∀x, y ∈ N.

Finally, the triples (Ax, By, Cx+y), x, y ∈ N, are matrix solutions of the matrix Diophantine equation

Xn + Y m = Zq.

The matrix Aα generates at least 2n different construction structures of matrix solutions, the matrix Bβ
generates at least 2m different construction structures of matrix solutions and the matrix Cδ generates at least
2q different construction structures of matrix solutions. Finally, the matrices Aα, Bβ and Cδ generate at least
together 8× n×m× q different construction structures of matrix solutions of the matrix Diophantine equation

Xn + Y m = Zq.
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