AT
Astan Journal of Mathematics
and Comuiter Research

Asian Journal of Mathematics and Computer Research

Volume 31, Issue 2, Page 50-58, 2024; Article no., AJOMCOR.12037
| A 10 ISSN 2456—4 77X

The Dissipative Bresse-Timoshenko System
without a Second Spectrum is
Well-Posedness and Exponential Stability

*
a
Cheng Wang
aSchool of Mathematics and Statistics, Southwest University, Chongging 400715, People’s Republic of China.

Author’s contribution

The sole author designed, analyzed, interpreted and prepared the manuscript.
Article Information

DOI: 10.56557/AJOMCOR/2024/v31i28641

Open Peer Review History:

This journal follows the Advanced Open Peer Review policy. Identity of the Reviewers, Editor(s) and
additional Reviewers, peer review comments, different versions of the manuscript, comments of the editors, etc
are available here: https://prh.ikprress.org/review-history/12037

Received: 03/03/202/
Accepted: 09/04/202)
’Original Research Article Published: 13/04/2024

Abstract

Aims: This paper investigates the dissipative Bresse-Timoshenko system without second spectrum.

Study Design: Cross-sectional study.

Place and Duration of Study: This paper was completed at the School of Mathematics and Statistics at
Southwest University during from May 2023 to February 2024.

Methodology: Using the theory of C-semigroup.

Results: The results show that the suitability of the system solution is established and the exponential
stability is established.

Conclusion: The Cp-semigroup theory are applied to study the well-posedness and exponential stability,
which is different from others, where the multiplying method and energy method were used to study the
exponential stability. This result substantially improves earlier results in the literature.
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1 Introduction

In 1921, Tymoshenko [1] optimized the Euler-Bernoulli beam model and the Rayleigh beam model and proposed
the following hyperbolic system of two coupled wave equations

{ proee — k(e + 1)z =0, (1.1)
P21/1tt - bwzz + k(@z + w) = 07 '

which is called Timoshenko beam model, where ¢ and 1 are the deflection of the beam from its equilibrium
position and the rotation of the neutral axis, respectively, p1 = pA, p2 = pI,b = EI and k = k'GA are positive
constants with p is the density, A is the cross-sectional area, I is the second moment of area of the cross-sectional
area, E is the Young modulus of elasticity, G is the modulus of rigidity, k' is the transverse shear factor. However,
it was later discovered that the Timoshenko beam model admits two wave speeds

Vk/p1 and \/b/p2,

which contributes to a physical paradox called the second spectrum (see, for example, [2, 3, 4]). Based on these
reasons, Elishakoff [5] proposed the following truncated version model by combining d’Alembert’s principle for
dynamic equilibrium from Timoshenko hypothesis,

prowe — k(we + )z =0, (1.2)
—papria — bibas + E(pr + 1) = 0, '

which eliminates the anomaly of the second spectrum since it admits one wave speed
Vb/[p2(1 + p1b/kp2)].

The model (1.2) is called Bresse-Timoshenko system without second spectrum and has been extensively in recent
years (see [6, 7, 8, 9, 10, 11, 12] and references therein).

2 Methods and Main Results

In this paper, we consider the following dissipative Bresse-Timoshenko system without second spectrum proposed
in [13]
proee — k(o + ¥)a + o =0 in (0,L) x (0,00), 1)
—pP2Ptte — bwzz + k(@z + 'l/}) = O in (O, L) X (0, OO)7 !

where p > 0 represents the damping coefficient acting on displacement function. Moreover, we consider the
boundary conditions of Dirichlet-Neumann type given by
(0,8) = p(L,1) = $.(0,8) = a(L,t) =0, 1> 0. (22)

and initial conditions given by

W(‘Tvo) = 900(@7%(95’0) = @l(x)ﬂﬁ(%o) = wD(x)v S (OvL)' (23)

When p2 = 0, problem (2.1) with boundary conditions of Dirichlet-Neumann type was studied in [14] and the
authors showed the exponential decay of the energy. In [13], the authors studied (2.1) with boundary conditions of
Dirichlet-Dirichlet or Neumann-Dirichlet type, and the exponential decay of the energy was obtained. However,

1. for boundary conditions of Dirichlet-Neumann type only the case p2 = 0 was considered in [14];
2. the well-posedness results were not considered in [13].

Based on the above reasons, we will consider the problem (2.1)-(2.3). The Cy-semigroup theory are applied to
study the well-posedness and exponential stability, which is different from [14] and [13], where the multiplying
method and energy method were used to study the exponential stability.

51



Wang; Asian J. Math. Comp. Res., vol. 31, no. 2, pp. 50-58, 2024; Article no.,AJOMCOR.12037

From (2.1),, we get
wsc = %@tt + %@t — Pz

By substituting 1), into (2.1),, we have

p1 7 p1 ©
P2P¢t A Pttoe + ksDt © + kpze + A et + kSOt © 0

i.e., problem (2.1)-(2.3) can be transformed to

(kp1I — (bp1 + kp2)0zz) prt + (kpl — bjiOzz) 0t + bkYraze = 0, in (0, L) x (0, 00),

©(0,1) = (L, t) = ¢22(0,t) = @aa(L,t) = 0, t>0,
¢(x,0) = po(z), wi(z,0) = ¢1(x), z € (0,L).
Let
A = 0zzax, (2.4)
B :=kpil — (bp1 + kp2)Oza, (2.5)
C :=kpul — budgs. (2.6)

Obviously, A is a positive self-adjoint operator from {C € H*(0,L) N H}(0,L) : Cuw € H(0, L)} to L*(0,L),
which can be extended as an isomorphism from H2(0,L) to H '(0,L); B and C are positive self-adjoint
operators from H?(0,L) N H{(0,L) to L*(0,L), which can be extended as an isomorphism from H{(0,L) to
H~(0, L), where

H(0,L) := {¢ € H*(0,L) N Ho (0, L) : Cuw € Ho(0,L)}. (2.7)

Then, problem (2.1)-(2.3) can be written as the following abstract form in Hg (0, L):

i+ B 'Cy; + bkB ' Ap = 0, t >0, 28)
¢(0) = @o € H*(0,L) N Hy (0, L), :(0) = 1 (x) € Hy (0, L). '
Let
._ 0 I _(eN_( @ _{ %o
A= ( —bkB7lA -B!C ) ¢ = ( ® ) o ( ot ) o := ( 1 (2:9)
and

H = (H?*(0,L) N Hy(0,L)) x Hy(0,L). (2.10)

It is obvious that H is a Hilbert space with scalar product

(,87),, = p1 {6, 67) + pa {bar 65) + b(Tpur i), V@ = ( ; ) eH, b = ( . )eH, (2.11)
where &

Ti=—— (po] +p°B™) 00,0 2.12

bp1 + kp2 (p=1 + by )e ( )

and (-,-) denotes the standard L?-scalar product.
With the above preparations, one can see A : D(A) C H — H, and problem (2.8) can be written as
d

Ed):fkbe?-t, t>0, (2.13)
3(0) = Dy,
where
D(A) = {@ - < :Z ) €H:pe H0,L),¢ € H*0,L) N H(O0, L)} . (2.14)
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Theorem 2.1. A generates a Co-semigroup of contraction (etA)t>0 on H, which is exponential stable, i.e.,
there exist two positive constants M and o such that

etAH < Meot
for any t > 0.

The rest of this paper is devoted to prove the above theorem.

3 Proof of Theorem 2.1

In this section we will prove Theorem 2.1 by using the following two theorems. Let 6 € C, A be an operator,
and f, g be two quantities, Ref denotes the real part of 6, § denotes the conjugate complex of 0, p(A) denotes
the resolvent set of A, the notation f < g means there exists a constant such that f < Cyg.

To show A generates a Cp-semigroup of contraction, we need the following theorem[15, Theoem 1.2.4], which
can be seen as a corollary of the Lumer-Phillips theorem.

Theorem 3.1. Let H be a Hilbert space with scalar product (-,-)m and A be a linear operator with dense domain
D(A) in H. If A is dissipative, i.e.,
Re((, AQ)n <0

for any ¢ € H and 0 € p(A), then A is the infinitesimal generator of a Co-semigroup (etA) of contraction on

H.

t>0

To prove the exponential stability of a Cp-semigroup we need the following theorem [15, Theoem 1.3.2].

Theorem 3.2. Let S(t) be a Co-semigroup of contractions on a Hilbert space with infinitesimal generator A.
Then S(t) is exponentially stable if and only if

p(A) DR :={if : B € R}
and

limsup || (iB1 — A)71H < 0.

[B|—00

Proof of Theorem 2.1. 1t is obvious that D(A) is dense in H. We first show that A is dissipative. For any

@:(g)eD(A),

by (2.9) and (2.4),

_ 0 1 @
AL = ( —bkB™'A -B~'C > ( é )

é ®
—-B!'C¢p - kB 'Ap —B7'C¢ — bkB Y prpaz )

53



Wang; Asian J. Math. Comp. Res., vol. 31, no. 2, pp. 50-58, 2024; Article no.,AJOMCOR.12037

Then it follows from (2.11), (2.12), (2.5), and (2.6) that

L L
Re(®, AD)y = Re/ p16 [-B~'Co — bkB™'5,,,,] dz + Re/ p2¢: [-B7'Ch— kB 'p,,,,] dx
0 0

L
bk 201 =
/O bor o (p2I +bpiB™") 0raad)

bk

L =
e/o L prore pabie bp1 + kp2

L
~Re [ B [p1(C0)0+ p2(CB )] de

bk*p1pa b2 kpt
bp1 + kp2 v p20Re bp1 + kp2

L =0

L L L
. (ukm | B Gods + ubp + ) [ BTGz b | B*l%qsmdx)
0 0 0

1 2
= (e
(u p1 o] L2001y
<0, (3.1)

L
:Re/ B_1 —pﬂ)ksﬁm + p2bk§0x;m:x + Pz ¢xzd$
0

2 2

+ (ubp1 + pikp2) HB’%%

L2(0,L) L2(0,L)
hence A is dissipative.
Secondly, we prove that 0 € p(A). At first, we show A : D(A) C H — H is surjective, i.e., for given G =

( zl ) € H, we need to show there exists & = ( ;‘i
2

—A® =G, (3.2)

> € D(A) satisfying

this means

— ¢ =g € H*(0,L) N Hy(0, L),
Co + bkrrze = Bga € H (0, L),
©(0) = p(L) = ¢22(0) = @aa(L) = 0.

Then we get
¢ =—g1 € H*(0,L)N H, (0, L),

and ¢ satisfies

{bk(px:ca:x = ng + Cgl € H_I(O,L), (3 3)

©(0) = o(L) = ¢2z(0) = pza(L) = 0.
The standard theory of elliptic equations shows that (3.3) admits a unique solution ¢ € H2(0, L) and
el zzc0,) S 1Bg2 + Cyill -0,y S IG o
So the above analysis shows that (3.2) admits a unique solution ® € D(A) and
Hq)”HQ(o,L)x(H?(o,L)mHg(o,L)) S Gl (34)

Following (3.4), we get, A : D(A) — H is injective. So A™' : H — D(A) exists, and by (3.4) again A™" is a
bounded linear operator on H. Therefore, we get 0 € p(A).

So by Theorem 3.1, A generates a Cp-semigroup of contraction (6M)t>o on H.
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Next we show (etA) is exponentially stable by using Theorem 3.2. We first show

iR C p(A) (3-5)

by contradiction argument. If (3.5) in not true, since we have shown 0 € p(A), by the proof of [15, Theoem
2.2.1], there is a constant w € R with || A™"|| < |w| < oo such that {i8 : || < |w|} C p(A) and

sup [|(i8 — A) 7| = cc.

18]<|w|

Then there exists a sequence {fn}ne; C R with 8, — w (n = 0), |Bn| < |w| and a sequence

{Pn}nls = {( ‘;: )}w C D(A)

n=1
with
||‘I)n||§-t = Pl||¢nHQL2(o,L) + P2H¢nx“2L2(0,L) + b<T4Pmc, ‘in>
kb _1 2
= p1||q5nHQLz(oyL) + 92H¢7mH2L2(07L) + m (pz HSOWWHQL?(O,L) + bﬂ% HB 2 Pnax LZ(O,L)>
=1 (3.6)
such that
1(iBn — A)®nlly — 0 (3.7)
as n — oo, i.e.,
iBnspn — pn — 0 in H*(0,L) N Hy (0, L), (3.8)
iBrnn + B 'Cohy + bkB™ rzzzx — 0 in Hy(0,L). (3.9)

Similar to the proof of (3.1), we get
Re((iBnd — A) Py, Pp)n

2 2 2

1 1 1
— ukpr B2 b k ‘B_E bps ||[B~2 ,
pkp1 bn von T (1bpr + pkp2) Pna ey T P2 Pnoa 200
which, together with (3.6) and (3.7), implies
Jim (|¢nllz20,0) = 0 and lim |[¢nzl|L2(0,) = 0, (3.10)
where we have used the facts that
_1 _1
||¢n||L2(0,L) s HB 2 Pna L2(0.1) and H¢n1”L2(0,L) < HB 2 Pnaa L2(0,L)
Then, it follows from (3.9) that
timsupllgnee 120,y S 150D B pnasael| a1,
n—o0 n—o0
< lim ||iBngn + B 'Coy + ka_lcpnmmHLQ(O oy T M (lgnllzz0,0) =0, (3.11)
n— oo ’ n— 00

where we have used the facts that
—1
lpnaellzzo,z) S [1B™ @nozeall 20,1
|Brn| < w41 < oo for n large enough since 8, — w (n — o0) and |w| < oo, and

HB_IC(b”HL?(O,L) s ||¢”HL2(0»L)'
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By (3.8) and (3.10) we get

lim sup HBfétpnm

. 2 . .
< limsup H‘PHIHH(O,L) < — limsup ||2ﬁn<Pnz||L2(o,L)
n—oo n—roo

o0 L2(0,L) wl
s nlgf;o |3Bnns — dnall + nlingo H¢n1HL2(0,L) =0, (3.12)
where we have used the facts that
_1
[B 2 onse ., 1,  Honellzzony

and |B,| > % for n large since B, — w (n — 00) and |w| > || A7"]| > 0.
By (3.10), (3.11) and (3.12), we get limp oo ||®n|l% = 0, which contradicts ||®n|l% = 1. So (3.5) holds.
We now prove

limsup ||(iBI — A)71H < oo (3.13)

|B]—00

by a contradiction argument again. Suppose that (3.13) is not true. Then there exists a sequence {8, }nz1 C R
with |8n| = oo (n — o0), and a sequence

{Pn}is = {( ;’j: )}oo C D(A)

n=1

satisfying (3.6) such that (3.7) holds. Again we also have (3.8), (3.9), (3.10) and (3.12) except for (3.11) since
in this case {fn}a=; is unbounded.

Since

. . —1 —1 —1 —1

||15"¢n“L2(07L) < ||wn¢"+B Con + bEB ‘P”mm”L2(o,L)+||B C¢”||L2(O,L)+||ka <inw||L2<o,L>
S ||Z/67L¢n + B_lc¢n + ka_l‘Pmcm:xHL%O,L) + ”(b”HLQ(O»L) + H‘p"WMHL%O,L)
it follows from {||<pnm\|L2(0 L)}k and {||¢n||L2(0,L)}2°_1 are bounded sequences (see (3.6)), and (3.9) that
, - =
{||iﬁn¢n\|L2(07L)}z°:1 is a bounded sequence. (3.14)

Similar to (3.11), we get

||90nzzHL2(0,L) < ||B71‘inrzz”L2(0’L) N ||Zﬂn¢n + BilC(bn + kail‘PnzrszLz(oyL) + Hiﬁn(bn”LZ(o,L)-
Then we get from (3.9) and (3.14) that

{llenzellz2(0,2) )., is a bounded sequence,

which, together with |8n| — oo as n — oo that

=0. (3.15)

e
L2(0,L)

n—00 n

Dividing (3.8) by 8nr, we get

ion — % — 0 in H*(0,L) N H) (0, L).

Then it follows from (3.15) that

limsup ||@nax|p20,0) < UM ||ignzs — Prza + lim H@ =0,

n— oo n—00 Bn L2(0,L) "7 Bn L2(0,L)
i.e., (3.11) also holds. Then we get limp oo ||Pn|l% = 0, which contradicts ||®,||% = 1. So (3.13) holds. The
desired result follows from Theorem 3.2, (3.5) and (3.13). O
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4.

Conclusion

In this article, we have investigated a dissipative Bresse-Timoshenko system without second spectrum. The
Co-semigroup theory are applied to study the well-posedness and exponential stability, which is different from
others, where the multiplying method and energy method were used to used to study the exponential stability.
This result substantially improves earlier results in the literature.
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