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Abstract

In this paper, we introduce the notion of the annihilator itcEaMWajsber algebra and investigate sol
related properties of it. We show that the annihilada@aWI-ideal. In further note, we discuss relationsh
between the annihilator andVdl-ideal in the article. Moreover, we investigate some ptagseof the
lattice implication homomorphism image of annihilators, afeb ajive the necessary and sufficient
condition of the lattice implication homomorphism image, and weaiobtattice implication
homomorphism and isomorphism inverse images of aandnd in lattice from Wajsberg algebras.
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1 Introduction

Non-classical logic has become a considerable formafdo@omputer science and artificial intelligence to
deal with fuzzy information and uncertain information. Mamyued logic, a great extension and
development of classical logic, has always been aardiriection in non-classical logic. In order to research
the logical system whose propositional value is given in dattSimge Oztung, Ali Mutlu, and Necdet
Bildik [1] considered the set of lattice points in Euclindespacesz” , and the digital image by using
adjacency relation in the subsetZz™ . Further, they [2] coctstd the group structure in digital images and
defined the simplicial groups in digital images. Yang Xl jBoposed the concept of lattice implication
algebras. The properties of lattice implication algelwvase studied in [3] and [4]MordchajWajsberg [5]
proposed the concept of Wajsberg algebras in 1935, to showhéhaalued, Lukariewicz propositional

calculus was complete with respect to axiomatic counjedt by Lukariewicz itselfRose androsser[6]
published the proof of Wajsberg algebra in 195@nt, Rodriguez and Torrens [7], introduced the notiébn o
lattice Wajsberg algebras in 1984, which is an algelstaicture that is established by combining a lattice
and Wajsberg algebra, and discussed some of their propdftieshe general development of lattice
Wajsberg algebras, filter theory plays an important by [7], introduced the notion of implicative filters
in a lattice Wajsberg algebras, and investigated theipepties. Basheer Ahamed and Ibrahim [8, 9],
introduced the definitions of fuzzy implicative and dntizy implicative filters of lattice Wajsberg algebras
and obtained some properties with illustrations. Theoryedliis another important development of lattice
Wajsberg algebras. The authors [10] recently introduceddtien of Wajsberg implicative idea¥\(-ideal)

of lattice Wajsberg algebra and derived some properlibs. concept of an annihilator in lattice was
introduced by Mandelker [11] as a generalization of the epinof a pseudo complement. Davey and
Nieminen [12] introduced the notion of annihilators in modwud#tides and discussed some properties.

The present paper is organized as follows: In Section 2ewew some basic definitions and results about
lattice Wajsberg algebras. In Section 3, we introduce nihion of the annihilators and obtain some
characteristics of annihilators in lattice Wajsberg latge. Then we show that the annihilator is\WI-ideal,

and discuss the relationships between the annihilator aWd-ideal, between the lattice implication
homomorphism image of annihilator and the annihilatoratifce implication homomorphism image of
lattice Wajsberg algebras, respectively. Moreover, imgstigate some characteristics, necessary and
sufficient conditions of lattice implication homomorphismrénse image of annihilator. Finally, we discuss
the lattice implication isomorphism inverse image of anatbil of lattice Wajsberg algebras.

2 Preliminaries

In this section, we recall some basic definitions and tiperties which are helpful to develop our main
results.

Definition 2.1. [7] An algebra A, — , *, 1) with quasi complement “*” and a binary operation. " is

called a Wajsberg algebra if it satisfies the followéxipms for all x, y, zOJ A

0] 1-x=x

(ii) X=y-y-2- (x> P=1
(iii) X->¥y)->y=(y- 3- x

vy (X -y)-(y- =1
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Proposition 2.2. [7] A Wajsberg algebra®, - ,*, 1) satisfies the following axioms for al y, z[1 A,

@) X - x=1 (vi) x-¥-0z-%-(z- =1
(ii) If (x> y)=(y- ®=1thenx=y (vi) X-> (Y- 2=y- (x> 3

(iii) X1=1 (vii)  x-0=x-17=x

V)  (x-(y- =1 ) ) =x

(v) If(x > y)=(y- d=1thenx - z=1 () o=y x

Definition 2.3. [7] Let (A, — ,*, 1) be a Wajsberg algebra. Then the partial ard8<" on A is defined by
x<yifandonlyif x — y=1 forallx, yO A.

Definition 2.4. [7] A Wajsberg algebra®, — , *, 1) is called a lattice Wajsberg algebra if itisees the
following axioms for allx, yO A,

0) (xXOY)=(X- Y~y
(ii) (xOy) =((F = y) - Y-

Note. From the above definitiofA, [J, [, *, 0, 1) is a lattice Wajsberg algebra with loweouihd 0 and
upper bound 1.

Proposition2.5. [7] A lattice Wajsberg algebr&d\( — , *, 1) satisfies the following axioms for ally, zO0 A

0] If x<ythenx - z2y- zandz - X< z- y (Vi (x> yO(ly- =1

(i) X<y zifandonlyif y<sx - z (viii) x-(yO2=(x- yO(x- 2
(i) xOy'=(x'0y) ) (xOy) -~ z=(x~ 30(y- ¥
v)  xOy'=(x'0y) 0 (xOyOz=(x0 300 ¥

(v) (xOy) - z=(x- 30(y- ¥ i) (xOy) - z=(x> ¥y - (x> 7.

(vi) X - (ydz=(x- yO(x- %

Definition 2.6. [7] Let L be a lattice. An idedl of L is a nonempty subset bfis called a lattice ideal if it
satisfies the following axioms for ak, yOI | ,

0] xO1,yOL andy< x imply yO'I
(i) X, yO I implies xOyO I.

Definition 2.7. [10] Let A be a lattice Wajsberg algebra. lLdte a nonempty subset Afis called awl-ideal
of lattice Wajsberg algebrif it satisfies the following axioms for ak, yO A,

@) o0 |
(i)  (x - y)"OrandyOlimply xO |

Proposition 2.8. [10] If Ris a non-empty family iWWI-ideals of a lattice Wajsberg algel#aThen| =R
is also awl-ideal of A.
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Let | be a subset of a lattice Wajsberg algerdhen the leasiVl-ideal containing is called awl-deal
generated by written(l ) of I and is also called tha/l-ideal generated bly If | ={g, we write (I)=(a).

Definition 2.9. [10] Let A and A, be lattice Wajsberg algebra$,: A - A, be a mapping fromA to A
if for anyx, yO A, f(x - y)= (X - f(y) holds, therf is called an implication homomorphism frofq
to Ay . If fis an implication homomorphism and satisfies,

(i) f(xOy) = f(¥0f(y

(ii) f(xOy = (YT f(y

(i) f( x[) =( f(X) 5 for all x, yO A, thenfis called lattice implication homomorphism frofg to
A

3 Main Results

3.1 Properties of annihilators

In this section, we define an annihilator of lati/ajsberg algebra and investigate some relatgquepies
with illustrations.

Definition 3.1.1. Let S be a non-empty subset of a lattice Wajsberg adgelr if
sY ={xOA xOa=0 forall al $, thenS" is called the annihilator &

Example 3.1.2. Let A={0, a h ¢ d 1} be a set with Fig. 1 as a partial ordering. Defaequasi

complement 11" and a binary operation% ” on A as in Table 1 and Table 2.

Table 1. Complement Table 2. Implication

X —

*

R|lO|lO|T|| O
o|lT|Y|a|o|r| O
SRl IR U D Bl B IS
O|—| PP TRl o
OO T|IOolFl o
ol o oc|Fla
Ll B I ol B el I el I ol N

Rla|lo|o|o|o
o|lT||lo|kr|x

Fig. 1. Lattice diagram
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Define L and L operations o as follows,
xOy)=(x-> Y-y,
xOy) =(( - ) - Y forall x,yO A

Then, (A 0O, 0, *, 0, 1) is a lattice Wajsberg algebra.
Let S= {0, c} it is easy to check thas" = {0, a, d} is the annihilator ofs

Let T = {0, a} then TY = {0, c} is the annihilator ofT.

Note. Obviously, the annihilator of {0} i#\.

Proposition 3.1.3. Let A be a lattice Wajsberg algebr, be a non-empty subset #f If S”is the
annihilator ofS thenad s, X - a = X if and only if xO S for any XA

Proof. LetadS, x - a = X forall xOA

Then, we have (X -» @) - X =1

@ - x)-x=1

(@ Ox)=1

(xOa) =0

Thug,0S”.

Converselyx S”, thenxOa=0 for all ad S.
It follows that@adx)" =a O x =(
Then, we have” - X <X, X <

* * *
Thusa - X =x,andsox - b= x.

Proposition 3.1.4. Let A be a lattice Wajsberg algebra axid A. If {g Y is the annihilator of &, then for

any x0{3d"”; a<x, andx<a.

Proof. Let {a}D is the annihilator of{g¢ . Then, for anyxl]{a}[', by the proposition 3.1.3,
we havex -» a=X X - a=X . Sincex Ja- (X- & = (X - (x> 30(a-( % R
=@ - (X - x)0(x-(a- 3) =1
We have’ Da< x - a
Tafore, X Da= x andsoas< X andx<a’.

Proposition 3.1.5. Let A be a lattice Wajsberg algebra aadb A If a<b, then{l} . R 5.

Proof. For all XD{@D, we have (xOa)<(xOb =0, so xHa=0, and so, we havexD{a}D.
Therefore, we gt} . 0 h g,
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Proposition 3.1.6. Let A be a lattice Wajsberg algebra. 3fis a non-empty subset &, and sY is the
annihilator ofS, then S” is aW!- ideal ofA.

Proof. LetS" is the annihilator o0& Then0OS" (by the definition 3.1.1)

Assume thatx — y)* 0s?, Vi S'for all x, yOA
Then, we have - a = y* and(x - y)* - a= X- Y, bythe proposition 3.1.3.
It follows that' =1 - X

=(y-a-y)- X

=(@ - y)-y)-X

=((@ 0y) - x

=@ - X)0(y - x)

=@ - X)0(x- Y

=@ - x)0(x~ Y - 3

=@ -~ x)0@ - (¥ - X))

=@ - x)=(x- a.

Thus,x 0 S” by the proposition 3.1.3. Hencg' is awl- ideal ofA.

Proposition 3.1.7. Let A be lattice Wajsberg algebra, $and T are non-empty subsets Af Then the
following are hold.

() If sO TthenT” 0 S7;
@is" o s,

(i) s = ' U 0;
ivy(son=9n ;
v (S nTHo(sn V.

Proof. (i) LetSO T. For annyTD,then xOa=0for all aOT, and soxOb=0 forall bO S
Thus, we havel s”. HenceT” 05",
(i) ForanyaOs, xd $’, xOa=0,then, we getad S, Thus,s” 0 7P,
(iii) From (i), we havesS” 0 7 PP andsO §'Y, ands” P Po 7, by (i).
ThereforéstI =g uo
(iv) Since SO SO Tand T O SO T, by (i), (SO N O Sand(so N O T°.
Then, we haysO N 0 S n T . 1)

ForanyxdS” n T. ThenxO SYand xOTP.
Thus, we haveldla=0and xOb=0for all aCl'S, bO T.

ThenxO(aOb) = 0, and soxO(SO T)D. Hences"” n T O(so 'I)D. 2
From (1) and (2), we gés Ol 'I')D =sn 1.
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(v) From (iii), we havgSO )" = ' n T, sinceSn TO SO T.
From (i), we gg80 N O (S T, by (iv) (S° n T9)O(Sn .

Corollary 3.1.8. Let A bealattice Wajsberg algebra. &is a non-empty subset Af then s"=nN { aD.
als

0
Proof. From (iv) of proposition 3.1.7 ang= | { 4, we getSEI :( U{ aj =N{g"
als als als

Proposition 3.1.9. Let A be a lattice Wajsberg algebra.Sis a non-empty subset #fand(S) = (S)D =
then(S) = s’

Proof. It is clear tha [0 (), then from (i) of proposition 3.1.7, we ha{/S}D 0s ands”P O ( S}DD,

so S7U 0(9. (3)
Since(S) 0 ( S)D B st ('S. From (ii) of proposition 3.1.7, we ha] S'Y, and from the proposition
3.1.6, S" 5 is awl- ideal ofA. Thus, we haves) O gd. (4)

From (3) and (4), we gdtS) = S'".

Note. From the proposition 3.1.QS> = §'Y is called the generatétll-ideal.
Proposition 3.1.10. Let A be a lattice Wajsberg algebra. 3fand T are non-empty subset &, then

(s"077)o(sn 9",

Proof. We know thatSn TO SandSn TO T, then from (i) of proposition 3.1.7 we ha®” O (Sn 'I)D
andT” O (Sn T)D. Thus, S" O T a(sn 'I)D. By the proposition 3.1.6Sn 'I’)D is a Wl-ideal of A.
Hence, we haveéSEI 0 TD> 0O(sn 'I)D.

Proposition 3.1.11. Let A be a lattice Wajsberg algebraSlfs aWl-ideal ofA, thenS n s’ ={0}.
Proof. Obviously, 000Sn g, and{0} O Sn g’ (5)

If for any xO Sn S, then xO'S and xO S” . From the definition 3.1.1, we have= x x=0. Thus,
x0{0} , and soSn S’ O{0}. (6)
From (5) and (6), we havén S’ ={0}.

Proposition 3.1.12. Let A be a lattice Wajsberg algebraSfandT areWI-ideal of A, thenSn T={0} if and
only if SO T

Proof. Let Sn T={0} then for any xOS &l T and xOa=0 or xOaz00Sn T. Which is a
contradiction toSn T={0} . Thus xOTY. From the definition 3.1.1, we hav®O T-. Conversely, if
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SOTY, we have SATO T n T From the proposition 3.1.11, we hav@& n 70 ={0}.
Thus, Sn T={0}.

Corollary 3.1.13. Let A be a lattice Wajsberg algebf&andT beWl-ideals ofA. If T =T"Y Thenso T
if and only if Sn T ={0}.

Proof. LetSOT=T"". By the proposition 3.1.6, we know that’ is aWl-ideal of A. Thus, from the
proposition 3.1.12, we ha®&n T ={0} . Conversely, ifSn T ={0}. Then, from the proposition 3.1.12,
we havesO T=T- [,

3.2 Homomor phism image of annihilators

In this section, we discuss the relation betweenldktice implication homomorphism image of anmitor
and an annihilator of lattice implication homomagph image.

Proposition 3.2.1. Let A, A, be two lattice Wajsberg algebras,: A - A, be a lattice implication
homomorphism. ISis a non-empty subset a%, thenf (S™) O ( f($)D.

Proof. For allxO f(SD), there is ay [ sY, such thatx= f(y).For all zO f(9), there is at O S, such that

z= f(). So, we havexOz= f(yO f()= f(yd = f(0)=0, thus, xD(f(S))D. Hence, we have
0

f(sHo(f(9) .

The next example shows the following: L&f, A, be two lattice Wajsberg algebrag,: A - Abe a

lattice implication homomorphism, 8is a non-empty subset @. Thenf (SD) may not be the annihilator
of a subset of.

Example 3.2.2. Let A ={0, a h 1} be a set, wheré<a, b<1 is a partial ordering. Define a quasi
complement 1" and a binary operation ”on A as in Table 3 and Table 4.

Table 3. Complement Table 4. Implication
X < - |0 |la|b |1l
0 1 0 1111]1
a b a b |1 |b |1
b a b ajla|l]|1
1 0 1 Ola|b |1

Define andUoperations o as follows:

(xOy) =max{x ¥

(xOy)=min{x y forall x, yO A.

Then, (A, 0, O, *, 0, 1) is a lattice Wajsberg algebra.

Let A, ={0, 0.5, 1},such tha0 < 0.5< 1, we have Tables 5 and 6 as follows:
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Table 5. Complement Table 6. Implication
X X - |0 05| 1
0 1 0 1 1 1
0.E | 0k 05051 1
1 0 1 0 05| 1

Then (A, O, O, *, 0, 1) is a lattice Wajsberg algebra.

Let fQ)=f@) =1 f(O)="f®) =0, then f:A - A is a homomorphism. LetS={B, then
s ={0, &, f(SD):{O, 1, clearly {0, 1} is not down set, so there is flod Ay, such thatf(SD) =T

Proposition 3.2.3. Let A, A, be two lattice Wajsberg algebras; A - Aybe a onto lattice implication
homomorphism. I is a non-empty subset %, then(f'l(T))[I O f'l(TD).

Proof. For all xl](f'l(T))D and for alltOT, there is asd A, such thatt=f(s), soxOs = 0, then
f(x)O0t= f(YOf(9 = f(xd3 = f0)=0. Therefore, we haveff(x)DTD , Which implies that
x0 f71(TY). Hence, we havef 1) O 71(T").

Proposition 3.2.4. Let A, A, be two lattice Wajsberg algebra$,: A - A,be a lattice implication
homomorphism. If S is a non-empty subset off, then 1‘(SD):(1‘(S)D if and only if
(f(s)7" = £(S)) and (F(s)” n(f(S)" ={0}.

Proof. Let f(S”)=(#(9)” , then, we have(f(s”)"" =(#9)"""=(1(9” = (8)

FOENn (SN = (19" n( { 77 ={0}. Conversely, from the proposition 3.2.1, we have
f(sY)O( f(9)"”. Next we prove thatf(S))” O f(S"), since (f(S)” n (f(S))" ={0}, we have
()7 0 ()" = 1 $). Hence, we get (s”) = ( ()" .

Proposition 3.2.5. Let A, A be two lattice Wajsberg algebrak; A - Ay,be a onto lattice implication
homomorphism. If T is a non-empty subset ofy, then (f_l(T))[I = f_l(TD) if and only if
FHTn (M) =0

Proof. Let (f2(T)" = +73TY). Then, t 2T n (M) " = XM n (7 YM)" "={0}.
Conversely, if xO f1(TY), yOA, such that y<x then f(y)< f(x), since f(x)OT", we have
f(y)I]TD, so yO f_l(TD), and so we have f_l(TD) is a down set. Since
f_l(TD)r\(f_l(T))DD ={0}, we have xI](f_l(T))D. From the proposition 3.2.3, we have
(f 2y o 74T, Hence,(f )Y = +7XTY).
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Proposition 3.2.6. Let A, A be two lattice Wajsberg algebras,: A — A be a lattice implication
isomorphism. IfS and T are non-empty subsets @& andA, respectively, then the following hold:

() f(s7) = (f(9)" and (i) (f 1)~ = (F1T7)).

Proof. (i) From the proposition 3.2.1, we havegS~) O ( f(S)D, now we prove tha(f(S))D 0 f(S)).
ForyO( f(S))D, sincef is onto, there is & A, such thaff (x) = y. For anysO S we have f(s)O f(9),
so f(xO9 = f(HO f(9 = yJ { $=0. Sincef is one-to-one, we havells =0, so x[I sY, that is
yO £(S”). Therefore,( f(S))” O f(S”). Hence, we havé(s”) = (f(9)".

(i) From the proposition 3.2.3, we haé/la\'l(T))D O f'l(TD), now we prove thatf '1(TD) O( f'l(T))D.
For anyx0 f (TY), thenf () OTY. For all t O f "3(T), so f(t)OT, f(xOt) = f(X) O f(t) = 0, sincef
is one-to-one, we havex[dt =0, so xD(f'l(T))D. Thus, f'l(TD)D(f'l(T))D. Hence, we have

(F )" =71y
4 Conclusion

Lattice Wajsberg algebra is a theoretical basisanf-classical algebra. As we know, in order to stigate
the structure of an algebraic system, the idealsgalvith some properties will play an importanerdh this
paper, we have introduced the notion of annihitatand proved that the annihilator ¥ ideal in lattice
Wajsberg algebra. Then we have given some properfiehe annihilator and discussed the relatiorsship
between an annihilator andvdl-ideal, between the lattice implication homomorphisnage of annihilator
and an annihilator of lattice implication imageléttice Wajsberg algebras. Moreover, we have shihah
the necessary and sufficient conditions of lattioplication homomorphism inverse image of anniloitat
Finally, we discuss the lattice implication isomigigm inverse image of annihilator of lattice Wajghe
algebras.
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