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Abstract

In this paper, we construct a type of plane wave solution of Landau-Lifshitz equation with the
model |u| = 1. In addition, we discover the law which when the spin vector u is moving along
one direction, the spin vector u approaches the south pole (0,0, —1) from the north pole (0,0, 1)
with the model |z| from 0 tend to co. Landau-Lifshitz equations describe an evolution of spin
field in continuous ferromagnetic. Therefore, it is very significant to study the problems about
magnetization movement. Many people studied a lot of problems and constructed many solutions
about the Landau-Lifshitz equation, but no one to study the linear plane wave solution. So, in
this paper, we construct some stationary solutions of Schrodinger Map equation which contains
a style of plane wave solutions.
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1 Introduction
Landau and Lifshitz [1] proposed the equation

QU — Nux H® = Mux (ux HY), Qx(0,T), L1
H¢ := —H(u) + 23’,]-21%(%%) +H, Qx(0,T), (1.1)
where A1 and Ay are constants with A2 > 0, the three-dimensional vector u(z,t) = (u1(z,t), uz(z,t),
uz(x,t)) means the evolution of the magnetization vector with ¢ € (0,7) and T" > 0, the n-
dimensional vector x € Q C R"™ remarks the physical particle of magnet, H¢ is general effective
field. This equation describes an evolution of spin fields in continuous ferromagnetic and bears a
fundamental role in the understanding of non-equilibrium, just as the Navier-Stokes equation does
in that of fluid dynamics.

It is also very difficult to find the exact solution of the Landau-Lifshitz equation with external field,
especially, the case when the evolution of the magnetization vector v with |u| = 1. In recent years,
more and more physicists and mathematicians studied and did a lot of work on the Landau-Lifshitz
equations. Ding and Guo [2] given the existence, partial regularity and uniqueness of weak solution
to the initial boundary value problem for the unsaturated Landau-Lifshitz systems. Ding and Wang
[3] proved that in dimensions three or four, for suitably chosen initial data, the short time smooth
solution to the Landau-Lifshitz-Gilbert equation blows up at finite time. Zhong, [4] constructed
the exact solution of two or three-dimensional space time Landau-Lifshitz equation raised in the
ferromagnetic materials, under suitable transformations, some exact solutions are obtained in the
radially symmetric coordinates and the type of solution covered the finite time blow-up solution,
vortex solution and periodic solution. Zhong, etc. [5] constructed two exact blowup solutions of the
(2 4+ 1)-dimensional space-time inhomogeneous isotropic Landau-Lifshitz equation under suitable
transformations.

Considering Landau-Lifshitz equation (1.1) without dynamical damp (A2 = 0), and without external
magnetic field, suppose A1 = 1, we have

{utquAu,

ves (1.2)

which means the intensity of magnetization v moving around the effective field Awu. It is famous
Heisenberg spin system [6] and so-called Schrodinger map (SM) equation in the geometry [7].

As regard SM equation of one-dimensional, Zhou, etc. [8] and Sulem, etc. [9] studied the Cauchy
problem respectively and proved the global existence of the weak solution and global existent unique
of small data smooth solution. Chang, etc. [10] and Ding, etc. [11] proved the global existent unique
of one dimension smooth solution. For the Cauchy problem of two dimensions case, Chang, etc.
[10] had got the existent unique of small data global smooth solution. In order to avoid the limit of
small data, Gustafson, etc. [12] analyzed the existence of solitary wave solution, they also analysed
the anisotropic SM equation

ur = u X (Au+ Augz(0,0,1)), >0, (1.3)

and obtained unique global smooth solution of Cauchy problem with initial value is equivalent or
localized. About multidimensional case, Yang, etc. [13, 14, 15] constructed some explicit solutions.
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There is an interesting result, Guo, etc. [16] constructed non-trivial global smooth solution of SM
equation and the energy of initial value is arbitrary large, which is no limit of small energy.

However, many people studied a lot of problems and construct many solutions about the LL
equation, but no one to study the linear plane wave solution. So, in this paper, we construct
some stationary solutions of Schrédinger map equation which contain a style linear plane wave
solutions. and obtain some dynamical solutions of the equation

vy =v X (Av + (0,0, h)),
{oee 0
where constant vector (0,0, k) is external magnetic field. In addition, we discover the law which
when the intensity of magnetization v is moving along one direction, the intensity of magnetization
u approaches the south pole (0,0, —1) from the north pole (0,0,1) with the model |z| from 0 tend
to oo.

2 Stationary Solutions of SM Equation

In this section, we consider the stationary solutions of the equation (1.2):

u X Au=0,
{ ue S (21)
which has the form
1 2f?
u=(u1,u2,u3) = ———— 2f3 (2.2)
) ) 1 2 2 )
SEARRLE PR B

where f1 = fi(z), f2 = f2(x) and x = (21,22, -+ ,Zn). We compute the term Aw firstly,

Au = uf1f1|Df1|2 + ufzleDf2|2 +2up p, DfiDfo +up Af1 +upAfs. (2'3)

Substituting (2.3) into the equation (2.1), we have
uxX Au=uxXugp s |Dfi]> +uxup, | Dfal? +ux 2usp g, DfiDfo+uxup Af1+ux up,Afa. (2.4)

Next we calculate the terms of the equation (2.4),

1 0
u><uf1f1:ﬁu>< Of +mux 02 ,
_11 _0
U X g,y = U X Of + TR X 02 7 (2.5)
_ 21 N 1
U X Ufy fr = ﬁux (} -l-ﬁux (‘)f
—fy g
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Substituting (2.5) into the equation (2.4), we have
_ 2 2f1 0 2 2f
0= (1 fj;llj_f}L)3 ( 2f2 ) ( 0 ) -‘ril -J?fﬂf 2y ( 2f2 ) X
e 1—ffi—f3 2 to - fi-f
0 2 2f1 0 2
—8/2| D fo| _ DT
(_02>+(1+f12+f§)3< 2f2 ) ( 1132) (L+ 17+ £3)?
of 0 2f 0
Qf; « | o |+ ZBADADS Qf; X 1 + (2.6)
R D) TR AER? 2
2f1 2f1
—8f1Df1Df2 Afr
(1+f12+f22)3(1_]201{2_f22)X(_(;cl>+(1+f1+f2)2(1_;§2_f§)x
2 21 0
A fo
0 —+ T 12 122 2f2 X 2 .
(—%) A+ F+ 1) (1—f12—f§> (—m)
Multiplying the formula (1 + f£ + f3) in both sides of above formula, then (2.6) is equivalent to
2f1 1 2f1
0=-8AIDAI 2f> x| 0 | +IDAPA+ ) 2/>
1—f2-f -h 1—f2—f3
0 2f1 0
x| 0 | =8f(Dff 2f> |1 |+ IDRPA+ 1)
-2 L—fi-f —f2
2f1 0 2f1 0
2f2 X 0 — Sfl . Df1 . Df2 2f2 X 1 (27)
1-fi—f3 -2 1-fi - f3 —/f2
2f1 1 2f1
~8f2-Dfy- D2 ( 2/> ) x ( 0 ) + AL+ [T+ F5) 2f2
L—fi-f —f L—fi-f3

2 2f1 0
X( 0 >+Af2(1+f12+f22)( 2f2 )X 2 .
—2f1 1—fi—f3 —2f2

Following the proposition of the cross product, there exist g such that the equation (2.7) can rewrite
as following:

1 0
( 0 )(Af1(1+ff+f§)—4f1|Df12)—(4f2|sz|2+4f1~Df1~sz)( 1 )
—fi —fa

0 1
+ ( 0 ) L+ fi + DAL + |Df*) = 4f1 - Dfi - Df ( 0 ) + (2.8)
-1 1

0 2f1
ARA+f+f£) | 1 | =-g 2f2 :
—fo 1—fi—fo
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That is
—Af1|IDAP + Af1(1+ f12 + f22) —4Af2- Df1 - Dfs = —2gf1
—Afa|Dfo]® + Afa(1+ f1° + f2°) —4f1-Df1-Dfs = —2gfs
(=[1Af1 = |Dfi]* = |Dfa]® = f2Af2)(1+ f12 + f2°) + 4f1 | D fr]?
+4f2°|Df2]* + 8f1f2- Df1-Dfa=—g(1 — f1* — f2°).

After simplifying, we can get the following formula:
IDA* +|Df2|* = g. (2.10)
Thus, the equation (2.9) is equivalent to the following equations:
IDfi|* +|Dfo|* = g

Af1|Df? = Af1(L+ f1° + f2°) +4f2- Df1- Df2 = 2gf1 (2.11)
Afa|Df2* = Afa(1+ f1° + f2°) +4f1-Df1-Df2 = 2gfs.

We can simplify the above equations, and we get the following equations:

2f1|Df> = Afr(1+ f1° + f2®) +4f2- Df1- Dfa —2f1|Dfa|* = 0

2fo|Dfo|* = Af2(1 4 f1° + f2) +4f1 - Df1- Df2 = 2f2|Df1]* = 0.
Next we construct the Plane wave solutions of equation (2.12). Assuming that f1 = X a;x;, and
fo = i 1bix;, then the equations (2.12) can be rewrote as following:

257 1aiwi - g ai® + 487 b - By aibi — 287 aiz - X bi® =0
257 bixs - E?:1bz‘2 + 47 bz - Xi_qaib; — 22X b E?Zlalg =0

(2.12)

(2.13)

Let the vector A = (a1,a2,...,an),B = (b1,b2,...,bn), then we rewrote the equation (2.13) as
following;:

b;(B* — A?) + 20,AB =0, i=1,...,n. :
According to the Cramer’s rule, the equations (2.14) has unique solution, which is
AB =0,
A? = B2
i.e.
E?: aibi = 07
{ Enﬂlbig Lol (2.15)

2.1 Considering the two dimensional case (n = 2)

In this section, we consider the two-dimensional case.

(i) If A= (a,b),a,b € R, then B = (—b,a) or B = (b, —a). We can obtain the following equations:
f1=az1 + bxa,
f2 = —bxri + azrsz,

or
f1=az1 + bxo,
fg = bl‘l — ara.

Thus, the solution of the equation (2.1) can be wrote as following:
1

= _ 1— (a®+b2 2 2 1

9 =17 (@@ £ 09 (12 + 227) (2021 + 2bx2, 2ax2 — 201, (a® + %) (z1” + x27)), (2.16)
or

g2 = 1 (2ax1 + 2bza, 2bx1 — 2ax2,1 — (a2 + b2)(a:12 + x22)). (2.17)

1+ (a® 1 02) (212 + 222)
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(ii) If A= (a,ia),a € R, then B = (—ia,a) or B = (ia,—a), we have
f1=ax1 +iaxa,
f2 = —iax1 + axa,

or
f1=ax1 +iaxa,
f2 = iax1 — axa.

So, the solutions of the equation (2.1) can be wrote as following:
g3 = (2ax1 + 2iax2, —2iax1 + 2ax2,1), (2.18)

or
94 = (2az1 + 2iazs, 2iaz, — 2ax2,1). (2.19)

(iii) If A = (ia,a),a € R, then B = (a, —ia) or B = (—a,ia). We have:

f1=tazx1 + axa,
f2 = ax1 — iaxa,

or

f1=tazx1 + axa,
f2 = —az1 +iaxs.
So, the solutions of the equation (2.1) can be wrote as following:
g5 = (2iaz1 + 2ax2,2ax1 — 2iaz2, 1), (2.20)

or
g6 = (2iaz1 + 2az2, —2ax1 + 2iazs, 1). (2.21)

2.2 Considering the three dimensional case (n = 3)

In this section, we consider the three-dimensional case. Assume that the vector A = (a1,b1,¢1),

a1,b1,c1 € R, substituting it into (2.15), we have

b120162 — blM% — (a12 =+ b12)C102 M% —bicica
(@12 + b1?)ar T oar? + b2

B:( 762)7

where cs is arbitrary constant and
6 4; 2 4 2 2, 4 4 2 2; 2 2 2, 2 2 2 2 2
M=a1"4+2a1"01"+a1 c1”"+a1"bi” —ai 2" +a1"bi"ci” —ai1"b17c2” —a1“ci’e2”,
Therefore,

(2.22)

{ fi=a1x1 + bixa + c1x3,

1 1
_ bi%ciea—b1 M2 —(a1?+b1%)cico —bicica+M?2
fo= (a2 a1 x1 + o Zip 2 L2 + cox3.

We can substitute the equality (2.22) into the equation (2.2) and obtain the solution g7 of the
equation (2.1), that is

b1261621131 C1C2%1 bicicaza
=(1 b 2 - - -
g7 ( + (@121 4+ biza + c1w3)” + ((a12 0 Da o w2 b2 T
1 1 -1 1
by Mz2x, M?2zxo 2 M=
2 b 2(—5—5—
@ bdar T e )\t et ams) 2t + e (2.23)
L .
cic —bicica + M2 bicic
+ ;712371 + lalf -25- b? v (a3 l-i-lbg)aqxl)’ 1= (@11 +biz + c123)"~
(M% —bicico + cica(al + bi)xl n —bicica + M3 I ch3)2>
(af +b})ax ai + b7 ’



Zhou et al.; JAMCS, 25(8): 1-18, 2017; Article no.JAMCS.37475

We assume
6 45 2 4 2 2; 4 4 2 2; 2 2 2, 2 2 2 2 2
M=a1" +2a1 01" +ai1 1" +a1"by” —a1 2 +a1"bicr” —a1“bi1c” —ar1c1 e’

After computing by the Maple Soft, we can prove the conclusion that all solutions above are satisfied
the equation (2.1). Next we will consider the dynamical solutions of SM equation with external
magnetic field (0,0, h).

3 Dynamical Solutions of SM Equation with External
Magnetic Field

Now, we consider the dynamical solutions of the SM equation with external magnetic field (0,0, h).
In order to construct the solutions of equation (1.4), we firstly exhibit the following Lemma.

Lemma 3.1. If u is the stationary solution of the equation (2.1), then v = uQ is the solution of
the equation (1.4), where @Q is the following first class Orthogonal matriz:

( cos ht —sin ht 0 )
sin ht cosht 0 ).

0 0 1
Proof. Substituting v = u@ into the equation (1.4), we have

v X (Av+(0,0,h)) =v X Av+ v x (0,0, h)
=u-QXAv+h-u-Qx(0,0,1)
=(uxAu)Q+h-u-Q x (0,0,1)
=h-u-Qx(0,0,1) 3.1)
cos ht — sin ht 0
= h(u1, u2,us) (sirbht cos ht (1)) x (0,0,1)
= (—huy sin ht + hug cos ht, —hui cos ht — hus sin ht, 0),

and

cos ht —sinht 0
ve = ((u1,u2,us) | sinht cosht 0
0 o 1//¢

cos ht — sin ht O
= (ul,uQ,U3) (sinht cos ht 0)
0 /¢ (3.2)
—hsin ht —h cos ht 0
= (u1,u2,us) ( hcosht —hsinht 0)
0 0 0

= (—hua sin ht + hus cos ht, —hui cos ht — hus sin ht, 0).
Thus v = uQ is the solution of the equation (1.4). O

According to the above lemma, we can get the following solutions of the equation (1.4):

1

V1 =1 oy g ((Za:cl + 2bx2) cos ht + (2axz — 2bz1) sin ht,
— (2azy + 2bxy) sin ht + (2azs — 2bx1) cos ht, 1 — (a® + b°)(z1° + x22)),
1
V2

_ 2 2 b — 2 i
15 (@ 1092 + ) ((2aw1 + 2bxz) cos ht + (2bx1 — 2ax2) sin ht,

— (2ax1 + 2bx2) sin ht + (2bx1 — 2ax2) cos ht, 1 — (a® + b°)(z1° + 1‘22)),
V3 :((2ax1 + 2iaxs) cos ht + (2ax2 — 2iax1) sin ht, —(2ax1 + 2iax2) sin ht
+ (2az2 — 2iaw1) cos ht, 1),
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vs =((2az1 + 2iaxz) cos ht + (2iaxy — 2ax2) sin ht, —(2az1 + 2iaxs) sin ht
+ (2iaz1 — 2ax2) cos ht, 1),

Vs :((Qiaxl + 2ax2) cos ht + (2azx1 — 2iaxe) sin ht, —(2iax1 + 2ax2) sin ht
+ (2az1 — 2iaxe) sin ht, 1),

Vg :((Ziaxl + 2ax2) cos ht + (—2ax1 + 2iaxs) sin ht, —(2iax1 + 2ax2) sin ht
+ (—2ax1 + 2iax2) cos ht, 1),

and u7 - Q is also the solution of the equation (1.4), that is

2
+( bi®cicoxy c1CaT1 bicicaza Lo
- - 23
(a12 + b1?)as a a1? + b1

1 1 —1 1
biM2zq Mz2zxq 2 . M2 c1C2
— 2sinht(———5—
(a12 n b12)a1 + FRE b12) ) ( sin ((a% n b%)cu x1 + coxs + @ 1

1
—bicica + M2 " bicica
5 —

2

vr :(1 + (a121 + biza + c1x3)

x1) + 2cos ht(arz1 + bixz + c123),

ai + b7 (af +b3)ax
1
— 2sin ht(a1z1 + bize + 1z )+2cosht(72x +eoxs + 225
171 122 123 (@ + )ar 1 23 o
1
—bicica + M?2 bicico 2
_ 1— b _
+ 2+ 02 T2 (@ + )i 231), (a1z1 + biz2 + c123)

(M% — b10102 —+ clcg(a% + b%)x + —b16162 =+ M%
(af +B)ar ' af + b3

2
To + CQLB3) ) .
We assume

6 4, 2 4 2 2, 4 4 2 2, 2 2 2, 2 2 2 2 2
M=a1"+2a1 b1"4+ai c1”+a1"bi” —a1 2"+ a1’ —a1"bi’c2” —ai1"ci%e2”.

4 The Figures of the Solutions of the Schrodinger Map
Equation

Firstly, we construct the figures of the stationary solutions g; and help us find out the law of the
solution of the Schrédinger map equation. We assume that the parameters of g1, a = V2 and

2
b= ? Therefore, the solution g1 becomes as the following formula: g1 = m(ﬁxl +

V2z2, —/2x1 + V/2x2,1 — (212 4+ 22?)). Then we assume z2 = kz; and observe the phenomenon
that when k=1, Ju| =1, || <0.001, |z| < 0.1, |z| <1, || <100 :

=TT 1
0.99995995 T/ 0.9995

30, 99DGODGE \ 23 0. 9998 |

0.99999997 ||ll 09997 l

0.9 OSE T T T T-T'T"""T T v - T
—1 —0.5 o o5 ) -1 —0.5 o ols o os—0.02

Fig. 1. Letxze = kx1, k=1, |z1| < 0.0001 (left figure), and |z1| < 0.01 (right figure)
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1.0 0.5 \
o s _ 0.6
R \ ©.a—]
o6 6.2
P . o
—0.2-
.z
] —0.a—
o —0.6
—o.} | - 0.8
i p— -1 -
T T T -1 T T T T — 0.8
-1 -0.5 5} 0.5 1 © - —0.5 o 0.5 y AT O
2 e e i

Fig. 2. Letzo = kx1, |z1]| < 1 (left figure), and|z1| < 100 (right figure)

From above figures we can discover the phenomenon that the intensity of magnetization g approaches
the north pole (0,0,1) along the curve z2 = kz1,k € R when the model |z| tend to 0. Another

aspect, the intensity of magnetization g, approaches the south pole (0,0, —1) along the same curve

z2 = kz1,k € R when the model |z| tend to oco.

Then we study again the case when zp = kx12, assume a = g and b = g,k =1, |ul =1, |z:1] <
0.0001, 1, 2, 4, 10, 20 and we describe those orbits as following:

1 1.0 — S— —
1 O8] e
1.995800550 5 0.6
1 s/ , 0.
1.999999990 i
] o2
1 1
).99909008 5 o |
] —o.2— |
B »
D.DIVVIGIBr T T T T T Ty
—0.00010 o 0.00010 —0.25 T P e, P e, SV Y

oz ek

Fig. 3. Let|z1]| < 0.0001 (left figure), and |z1| < 1 (right figure)

1 E— —
J— —
o.8 . i 1
o. —~ "'"_'
o. .5
0.
o 0.2
o X
ff) \ * < ~
o= —0.2
— O — O,
— O — 0.
—o — —o.8 t .
—0.% T T T T T T TS o
3. — .z
o o's s 0 0.2z 0O 0.2 04 0.6 0.8 0.8 ‘
2 e o
oy
Fig. 4. Let|z1| < 2(left figure), and |z1| < 4 (right figure)
0.8 0.5
0.67] O
O .47 0.4
0.2 0.z
e F O 2 o
— 0.2 —0.2
— 0.4 —0.4
— 0.6 \ —0.& -
—0.8 - —o.8 — §
: ; — Al
—0.2 O 0.2 0.4 0.6 0.8 —0.2 [ 0.2 O.a 0.6 0.8 0.8
e
ez e d s

Fig. 5. Letxo = kx1?, |z1| < 10 (left figure), and |z1| < 20 (right figure)
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From above figures we can find that the intensity of magnetization g approaches the north pole

(0,0,1) along the curve x»

= kz1%,k € R when the model |z| tend to 0. Another aspect, the

intensity of magnetization g1 approaches the south pole (0,0, —1) when the model |z| tend to oco.

Next we study the different cases when zo = kx1, 2 = kxlz, and x2 = kxlg, k € R, and assume

a =

(21

V3o, _ 3
5 b=%5

22, k =3, |z1| <2, the solution : u =

+ 2?)), and we describe those orbits as following:

1+(w12+x22)(\[$1+\[m, V2x1 +V2x2,1 —

4 o 1 i
0.8 0.5 \
0.6 0.6 .
©.a] 0.
0.2 0.2
Py O 3 o
-0.2-] —0.2
—0.a] —0.a
7[.).(')': —0.6
-0 !ﬂ—_ -0, 8
T T T T T | LIPS P | T T ()7().}{ T T o
—0.9-0.2-0.2-0.1 O 0.1 0.2 0.3 0.8 (8] 0.2

ez I

. = —
0.8 =3
O 65
O
0.2 i
e O]
—0.2—
— 04—
— 0.6
e [——
0.2 0.1 o —-61 —0.=2 -os 0 OF
e e d
Fig. 7. z2 =kz:®, k=3, [z1| <2

Finally, we construct figures of the dynamical solutions v: and help us find out the logic of the

solution of the Schrédinger map equation. We assume a = g, b= g, h = 1. Therefore, the
solution v; becomes as the following formula:

v m((\ﬂ;l +V2a2) cost + (—v/2x1 + V2aws) sint,

— (V2z1 + V2x2) sint + (—V2x1 + V2x2) cost, 1 — (z1° + x22)),

T T T T T T T T
OB OBOT70.605040.30.20.1
i

Fig. 8. Lett =0,z1 € (0,5), z2 € (0,5) (left) andt =1, z1 € (0,5), z2 € (0,5)(right)

10
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LI
020 —0.2 04 0.6 0.80 —0.3 —0=0s0.7 —0.9 —0.3

L B e |
—0.5  —0.7 —09 0.8
s

2 i

Fig. 9. t =2 (left) andt = 10 (right)
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Fig. 10. ¢t =20 (left) andt = 50, (right)

From above figures we can find that the intensity of magnetization v approaches the south pole
(0,0, —1) from the north pole (0,0,1) when the time t tend to oco.

And then, we study the different cases when z1, z2 € (0,0.1), (0,5), (0,50) and (0,1000) and assume

a = g, b= %, t = 2, h = 1, the solution can be wrote: vy = 1%((\/ﬁml + \/5:52)0052 +
+(xz+x35)

(—\/§x1 + \/53:2) sin 2, —(ﬂxl + ﬂxz) sin 2 + (—\/5:61 + \/5:52) cos2,1— (mlz + x22))

Fig. 11. z; € (0,0.1), z2 € (0,0.1) (left) andx1 € (0,5), z2 € (0,5)(right)
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Fig. 12. z; € (0,50), z2 € (0,50) (left) andz1 € (0,1000), z2 € (0,1000)(right)

From above figures we can find that the intensity of magnetization v; approaches the south pole
(0,0,—1) from the north pole (0,0,1) when the model |z1| tend to co at the same time.
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All in all, we discover the law which when the intensity of magnetization v; is moving along one
direction, the intensity of magnetization vi approaches the south pole (0,0, —1) from the north pole
(0,0,1) with the model |z1| from 0 tend to oco.

5 Conclusions

a In the section (2), people construct solution of Landau Lifshitz equation usually by hirota method
and Backlund transformation. However, in this paper, we construct another style solution
that a type of plane wave solution of Landau-Lifshitz equation with the model |u| = 1 by
different method.

b In the section (4), we discover the law that when the external magnetic field v is moving along
one direction, the magnetic field strength u approaches the south pole (0,0,-1) from the north
pole (0,0,1) with the model |z| from 0 tend to oco.
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