British Journal of Mathematics & Computer Science
9(4): 288-299, 2015, Article no.BJMCS.2015.203
ISSN: 2231-0851

SCIENCEDOMAIN international

www.sciencedomain.org SCIENCEDOMAIN

Positive Solutions for a Coupled Nonlinear Fractional
Differential System with Coefficients that Change Signs

Zhoujin Cui' and Zuodong Yang?*

1Jiangsu Maritime Institute, Jiangsu Nanging 211100, China.
2School of Teacher Education, Nanjing Normal University, Jiangsu Nanjing 210097, China and
Institute of Mathematics, School of Mathematical Science, Nanjing Normal University,

Jiangsu Nanging 210023, China.

Article Information

DOLI: 10.9734/BJMCS/2015/17028

Editor(s):

(1) Jacek Dziok, Institute of Mathematics, University of Rzeszow, Poland.

Reviewers:

(1) Nityanand P. Pai, Dept of Mathematics, Manipal University, India.

(2) Hasibun Naher, Department of Mathematics and Natural Sciences, BRAC University,
Bangladesh.

(3) Anonymous, India.

Complete Peer review History:
http://www.sciencedomain.org/review-history.php?iid=1145&id=6&aid=9492

Original Research Article

Received: 23 February 2015
Accepted: 04 April 2015
Published: 29 May 2015

Abstract

This paper investigates the existence of positive solutions of the nonlinear fractional differential
system
{ D’u = Aa(t)f(v), 0<t<1,
DPv = pb(t)g(u), 0<t<1,
where 0 < s,p < 1, D? D? are the standard Riemann-Liouville fractional derivatives, A,y > 0
are parameters. The peculiarity of this coupled equations is the coeflicient functions a(t) and b(t)
change signs, unlike the works in the literature keeping the signs of a(t), b(¢) unchanged. On the
basis of a nonlinear alternative of Leray-Schauder type and Krasnoselskii’s in a cone, sufficient

conditions on a(t),b(t) guarantee the existence of positive solution of the coupled equations are

obtained. The results are illustrated with an example.
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1 Introduction

The last two decades have witnessed a great progress in fractional calculus and fractional-order
dynamical systems. It has been found that fractional calculus is a mathematical tool that works
adequately for anomalous social and physical systems with non-local, frequency- and history-
dependent properties, and for intermediate states such as soft materials, which are neither idea
solid nor idea fluid [1]-[9],{10]. Differential equations with fractional-order derivatives/integrals
are called fractional differential equations, and they have found many successful applications in
viscoelasticity, heat conduction, electromagnetic wave, diffusion wave, control theory and so on
see [11]-[14], and the references therein). Except for a few special cases, it is impossible to find
a closed-form solution for a fractional differential equation. Therefore, conditions that govern the
existence of some kind of solutions are very important in understanding real systems described by
fractional differential equations. In many applications, only the positive solutions of a differential
equation admit physical meaning. Thus, a number of works have been made for the existence of
positive solutions of fractional differential equations.

For example, Zhang in [15] investigated the existence of a positive solution of the initial problem
for the nonlinear fractional equation

D’u= f(t,u),0 <t <1, (1)

where 0 < s < 1, D? is the Riemann-Liouville fractional derivative, and f : [0,1] x [0,4+0c0) —
[0,+00) is a given continuous function, by using the sub- and supersolution method. Babakhani
and Daftardar-Gejji [14] presented a detailed analysis of the existence of positive solutions of multi-
term differential equation: L(D)u = f(x,u), where

L(D)=D*" —ap_1D*"~* —... —a1D**, 0<s1 < <8, <1, a; >0.
In [16], [17], Bai et al. studied the following nonlinear fractional differential equation
Du = da(t)h(u), 0<t<1, (2)
and nonlinear fractional differential system

Diu = f(t,v), 0<t<1, 3)
DPv =g(t,u), 0<t<1,

where f, g are two given continuous functions and singular at ¢ = 0. Existence of positive solutions
for these two problems is established, by means of a nonlinear alternative of Leray-Schauder type
and Krasnoselskii’s fixed point theorem in a cone.

As for boundary value problem, El-Shahed [18] discussed the following nonlinear fractional problem

Diyu(t) + Aa(t) f(ut) =0, 0<t<l, 2<s<3, 4
w(0) = /(0) = /(1) = 0. (4)

They used the Krasnoselskii’s fixed point theorem on cone expansion and compression to show the
existence and non-existence of positive solutions.

Most of the works mentioned above assume that the coefficient functions have a definite sign. To
the best of the author’s knowledge, little results are available in the literature for the existence of
fractional differential equations with coefficients that change signs. This motivates us to study the
existence of positive solutions to the following coupled system

Du = Xa(t)f(v), 0<t<1, 5
DPv = pb(t)g(u), 0<t<1, (5)
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where 0 < s,p < 1, D°, D? are the standard Riemann-Liouville fractional derivatives, f, g : [0,00) —
[0, 00) are two given continuous functions, f(0), g(0) > 0, a(t), b(t) : [0,1] — (—o0, +00) may change
signs, and A, 4 > 0 are parameters.

Schauder’s fixed point theorem works well in establishing the existence of a solution of various kind
of differential equations, but it does not guarantee the positivity of the solution. The main objective
of this paper is to establish two theorems that ensure the existence of positive solution of Eq. (5),
by using the following Krasnoselskii’s fixed point theorem (Lemma 1.1) and a nonlinear alternative
of Leray-Schauder type in cone (Lemma 1.2).

Lemma 1.1 [19] Let E = (E, || - ||) be a Banach space and let K C E be a cone in E. Assume
Q, and Qs are open subsets of E with 0 € 1 and Q1 C Q2 and let A : KN (Q1\ Q2) — K be
continuous and completely continuous. In addition suppose either

(i) [JAu|| < |lu|| for w € K NI and ||Aul| > ||u|| for v € K N 9Ny, or
(i) || Au|| > JJu|| for w € K N0 and ||Au| < |Ju|| for v € K N 0NQs.
Then A has a fixed point in K N (1 \ Q2).

Lemma 1.2 [20], [21]. Let X be a Banach space with C' C X closed and convex. Assume U is a
relatively open subset of C with 0 € U and A : U — C' is a continuous, compact map. Then either

(i) A has a fixed point in U; or
(ii) there exists u € U and v € (0,1) with u = vAu.

2 Existence of positive solutions

Let C[0, 1] be the space of all continuous real functions defined on [0, 1], X = C]0,1] x C[0,1] be
the Banach space endowed with the norm as follows

[|(w, v)[| = min{[|ul], [|v][}, ¥ (u,0) € X

where ||w|| = max;cjo,1] |w(t)|, w € C[0,1]. A cone K C X is defined by

K ={(u,v) € X :u(t) >0,v(t) >0,0<t<1}.
Definition 2.1[5], [9]. The Riemann-Liouville fractional derivative of order 0 < s < 1 of a
continuous w : (0,1) — R is defined to be

Do w(t) = ﬁ%/{) (t = 1) w(r)dr

provided that the right side is point-wise defined on (0, 1).

Definition 2.2. For 0 < s,p < 1, a pair of (u,v) € X, with continuous fractional derivatives
D?,DP on (0,1), is a solution of a coupled system of fractional differential equations (5) if

Du(t) = Aa(t)f(v(t), 0<t<1, )
{ DPu(t) = pb(t)g(u(t)), 0<t<1, (6)

for s,p € (0,1) with initial data «(0) = v(0) = 0.
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The positive solution of Eq. (5) is a solution satisfying u(0) = v(0) = 0, u(¢t) > 0,v(t) > 0,
0<t<1, (u,v) € X, or simply denoted by

(u,v) € D :={(u,v) € X : u(0) =v(0) =0, u(t) >0, v(t) >0, 0<t<1}.

We assume that

(H1) f,9:1[0,+00) = [0,400) are continuous, nondecreasing functions and f(0), g(0) > 0.
(H2) a,b:[0,1] — R are continuous, a(0) # 0,b(0) # 0, and there is h,! > 1 such that

/t(t—T)SI"'( dT>h/ (t—7)*"a (1)dr,
/ (t =)' (r)dr > z/ b~ ()dr
for t € (0,1], where a™ (t) = max{0,a(t)} and a™ (t) = max{0, —a(t)}, b* (¢), b~ (t) defined analogously.

According to [22], Proposition 2.4, system (6) is equivalent to the following coupled system of
integral equations

(7)

ult) = I*Aa(t) f(v(t) = w5y Jy (t = 7)°Falr) f(o(7))dr,
v(t) = IPub(t)g(u(t) = w5y fo (¢ = 7)7 7 b(r)g(u(r))dr,

where t € [0, 1]. Define

Lemma 2.3. Suppose that (H1) — (Hg) are satisfied. Then for 0 < 61,92 < 1, there exist positive
numbers \, 7z such that, for 0 < A < A, 0 < p < T, the nonlinear fractional dlfferentlal equation

“u(t) = Xa" () f(v(t)), 0<t<1,
D%(t) ubt (Dg(ut)), 0<t<1, (8)
u(0) =v(0) =0

has a positive solution (ux,v,) with |[aa]|, ||T.]| = 0 as A, — 0 and

@y 2 AL (O)m(t)/T(s), Ty > udag(0)g(t)/T(p).

Proof. It is easy to know from (H2) that m(t),q(t) > 0 for t € (0,1]. Let A : X — X be the
operator defined as

A(u,v):(ﬁ/g (t—7)5*1a+(r)f(v(7))d7,ﬁ/o (t — )P~ b (r)g(u(r))dr)
= (A1v(t), A2u(t)), 9)

where u,v € X. So the fixed points of A are solutions of system (8). By Lemma 2.1 in [15],
A: K — K is completely continuous. We shall apply the nonlinear alternative of Leray-Schauder
type to prove A has at least one fixed point for small A, p.

Let €1,e2 > 0 be such that

f(v) > 01£(0),g(u) > d29(0), forO0<wv<er, 0<u<es. (10)
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Suppose that

L(s)er N L(p)e2 -
D<A<——A2 =} 0<pu< "~ =7
2[|m||f(e1) 2|lqllg(e2)
Since
lim M =400, lim @ = 400,
t—»ot t t—ot ¢
and again

fle1) < I'(s) g(e2) < T'(p)
er ~ 2\||m]||’ g2~ 2ullq|]’

there exist Rx € (0,e1), R, € (0,e2) such that

J(Rx) I'(s) g(Ry) _ T(p)

Ry 2\[ml” R, 2ulgll’

Let (u,v) € K be any solution of

(u,v) = vA(u,v), (11)

for each v € (0, 1), where A is given by (9). In fact,

u(t) = F”(z) /Ot(t C )t () fo(r))dr < % /Ot(t — et (r)dr
MU, AU
o) = s /Ot(t — P (r)g(u(r)dr < % /Ot(t — Wt (r)dr
_ ug(llr((ig)v)ll)q(t) < ug(\lr(('t;)v)l\)HqH,
Consequently
< AL o < 22D g, (12)

By (12) we can get the following inequalities exist,

@) _ T g(lwo)l) - T
o)~ 2\mll” Ny ~ 2ulall’

which implies that ||(u,v)|| # Rx and [|(u,v)|| # Ru. Thus any solution (u,v) of (11) satisfies
I, 0)]| # R and |[(u,v)]| # Ry Let

U={(u,v) € K :||(u,v)]| < min{Rx, R.}}.

Therefore, Lemma 1.2 guarantees that A has a fixed point (u,v) € UND. Moreover, combining (9)
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and (10), we obtain
T > A0S O)m(t)/T(), T > uSag(0)a(t) /T (p).

Hence system (8) has a positive solution.

Theorem 2.4. Suppose that (H;)— (H2) hold. Then there exist positive numbers \*, * such that
system (6) has at least one positive solution for A € (0, A*), u € (0, u*).

Proof. Let

¢ t
m*(t) = / (t—7)"a” (P)dr, ¢ (t) = / (t—7)2"'b" (7)dr. (13)
0 0
Then m*(t),q"(t) > 0 for each ¢ € (0,1]. By (Hz2) we have m(t) > hm*(t)
0 < ¢ < 1 such that he,lc > 1. There is b > 0 such that f(z) < hef(0 ) g(z
then

, q(t) > lg"(t). Choose

) < leg(0) for « € [0, 8],
m”(t) f(z) < em(t)f(0),q" (t)g(x) < cq(t)g(0) for t € (0,1], = € [0,b]. (14)

Fix 01,02 € (¢,1) and let A\*, 1™ > 0 be such that

MO mll o sl o e o) ()

I(s) =7 7" L'(p)

in which @, v, are given by Lemma 2.3, and

[[all +

(51—0 (52—0

@) = F@)] < O 25, lg(a) - gv)] < 9(0) 2, (16)

for z,y € [0,b] with

A" 01 f(0)[|[m]| p"d29(0 )qul}
I'(s) T T(p)

Let XA € (0,A"),u € (0, ). We look for a solution (ux,v,) of the form (ux + uX,v, + v;,), where

*

(Tx,Ty) is the solution of (8) given by Lemma 2.1. Thus (u},v},) solves the following equation:

Diuj(t) = Aa™

{ DPvy(t) = pbt
u3(0) = v, (0)

(

For each (u,7) € X, let (w, z) = A(@, V) be the solution of

{ DPw = XaT()[f(Vp +70) — f(Ou)] — Aa” () f(0p +70), 0<t<1,

& — y| < min

O @ + ) = f@)] = Aa™ () f(0 +vp), 0<t <1,
()[g(@n +u3) — g(@x)] — pb~ (t)g(ur +uy), 0<t<1,
=0.

DPz = pb* () [g(un + 1) — g(@n)] — pb~ (t)g(ar +1), 0<t<1,
w(0) = 2(0) = 0.

Then A : X — X is completely continuous. Let (u,v) € X and v € (0,1) be such that
(w,v) = vA(u,v), then we have

{ D*u = Xat ()[f@n +0) — f@)] — Aa” ) f(@. +D), 0<t<l1,
DPg = pb* (t)[g(ux + 1) — g(@n)] — pb~ (t)g(ar +u), 0<t<1,

that is

z= 22 t—TS_1a+T T, (1) + (7)) — f(0u(7)]dr
u F(s)/o(t ) (Mf @u(r) +0(7)) = f(Ou(r))]d
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vA [* o B ~
2 [0 (@) + () -
_ i T p—1;+4+ r Un (T () — .
”‘F@)/O“ )P (1) [g(@n (7) + T(r)) — g(@n(r))]d
v [* b1, 3 B
_m/o t—=7)"""b (1)g(ur(r) +u(r))dr. as)

We claim that ||z|| # A1 f(0)||m]||/T(s), ||7]| # wd29(0)||¢q||/T'(p). Suppose to the contrary that
(Il [[o1)) = (Ad1f(0)[|m][/T(s), ud2g(0)]lg]|/T(p)). Then by (15) and (16), we get

1B+ 311 < 1pall + 17l < b, llwa + 7] < [lwall + 1] < b (19)
" @0 +2) ~ @] < O, o +7) - gm)] < 9(0) 2. (20)
From (14), we get
" (0(8) < em(t)£(0),4" (Dg(6) < cat)g(0) for t € (0,1). (21)
Using (17)-(21), we obtain for each ¢ € (0, 1] that
1< s [ e +3) - farldr
+ ﬁ/ot(t—ﬂ“a*(f)f@(r)+a(7))dr
< ﬁ/)t(t—r)S*la*(T)f(o)‘sl Cdr +AFf(g;) /Ot(t—T)Sfla*(r)dr
< AB_IIO ), 200,
_ )\((512'11_“(2))f(0)m(t)v (22)
Similarly we can get
ol < M990 o (23)
In particular
il < 2XCE O g < 29O oy < L0 A9O g < 1280 g,

a contradiction, and the claim is proved. Let

U= {ue X (0] < minf 22O 202000 5

I'(s) L'(p)
By Lemma 1.2, A has a fixed point (u},v;) € U. Consequently,
>\51 ( ) x H529( )
up || < [m[l, [lvall < lg

Hence (u},v;,) satisfies (22), (23) and, using Lemma 2.3, we get

Nuf(O) o AGEASO) A = f0)
(s "W (s sy O

ux > Ty — |uy| >
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po2g(0) o (b2 +c)g(0) o p(d2 —c)g(0)
L(p) ®) 2T (p) ) = 2T (p) a®,

i.e., (ux,v,) is a positive solution of system (6). So the proof of Theorem 2.4 is complete.

Vy >V

u*‘”;‘ >

Theorem 2.5. Let 0 < A < A<M 0<pu'l <pu<p’,0<8 <s<1l,and 0 < ds <p < 1.
Let t° f(y) and t*2g(y) are two continuous functions on [0,1] x [0,00). a,b : [0,1] = (0, +o0) are
continuous and there exist two distinct constants 0 < ¢ < C such that ¢ < a,b < C. Assume that
there exist two distinct positive constants p,n, p > n, such that the following conditions are satisfied:

(HI) % f(w) < p% and £%2g(w) < p% (t,w) € [0,1] x [0, 4],
I'(1— 61 +s) (1 — 32 +p)

and t*2g(w) >

P fw) > 20T 5y

NT(1—01) (t,w) €[0,1] x [0, 7],

Then system (6) has at least one positive solution.

Proof. Let Let A: X — X be the operator defined as

—L ' — ) talr) fu(r TL t — P (D g(u(r))dr
Aw) = (g5 [ (=0 el fe)in s [ =rp ungtutr)in)
= (A10(t), A2u(t)), (24)

where u,v € X. By Lemma 2.1 in [15], A : K — D is completely continuous. In order to apply
Lemma 1.1, we separate the proof into the following two steps.

Step 1. Let Uz = {(u,v) € K : ||(u,v)|| < p}. For (u,v) € K N9OU2, we have 0 < u(t) < p,0 <
v(t) < p for all ¢t € [0,1]. By assumption (Hi) that for ¢ € [0, 1],

A t s—1 —61 01
@/O(t—’T) a(m)T™ "t f(v(T))dr

Fl—bi4s) 1 [ s—1_—5 M'1—é61+s) I'(1-61) s s—s
<p— 2~ — 1 = f— 1
<SP R =6 T(s) /0 e S (T AR v e &

Al’U('L’) =

and

Asu(t) = ﬁ/o (t — 7P o(r)g(u(r))dr < ptP~%2.

Hence for (u,v) € K N oUs,

1A )| = max{ max |4:0(0), max. [Azu(®)]} < p = [|(w. V)|

Step 2. Let U1 = {(u,v) € K : ||(u,v)|| < n}. For (u,v) € K NOU1, we have 0 < u(t) < 7,0 <
v(t) < n for all t € [0,1]. It follows from (H1) that for ¢t € [0, 1],

Aro(1) = %/ﬂ (1— 1) a(r)r 7% fu(r))dr

F(l — 51 + S) 1 1 s—1 —§
>po 0TS _ Vg —
>n T = o)) F(s)/o (1—=7)"7%dr=n

and )
Asu(1) = L/O (1 — )7 b(r)g(u(r))dr > 1.
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Hence for (u,v) € K NoUy,

A )l = max{ gnax, |Avo(0)], max [Azu(®)]} = 5 = [, o)
Therefore, by (ii) of Lemma 1.1, we complete the proof.
3 Example

Finally, we give an example to illustrate the result obtained in this paper.

Example 3.1. Consider the following nonlinear fractional differential system:

Deu(t) = A2 — t)(v +e"+1), 0<t<l1,
DPu(t) = p(3 —t)(u* +In(1 +u) +1), 0<t<l1, (25)
u(0) = v(0) = 0.

in which 1/2 < s<1,1/3 <p < 1and A, u > 0 are parameters.

Let f(v) =v> +e"+ 1,g9(u) = u* +In(1 4+ u) + % and a(t) = 2 — 3t,b(t) = 3/4 — t. Obviously, f
and g satisfy (H1). In the following, we verify that a,b satisfy (Hz). We see

2-3t, 0<t<? _ 0 0<t<?2

+ — ) = 3 _ ) >Ul> 3,

o’ (t) {0, 2 c1<1, a (t) {31&—27 2 1<l

wd pry it 0<t<iq [0 0<t<3,
= 0, 3 <t <, ®=1¢ 3, 2<t<l1

If 2 <t <1, then
t 2/3
plt) = /0 (=)t (r)dr = /0 (t—7)"""(2—37)dr
2/3 2/3
:2/0 (t—T)S_ldT+3/O (t— 1) (t —7) — t)dr

2/3 2/3
= (2—3t)/ (t—r)sfldT—i—S/ (t—7)%dr
0 0

3 s+1 1 s 3 2S+1
= t — —(3t—-2)t —(t == 26
s+1 8(3 ) Jrs(s—i—l)( 3) ’ (26)
and
! 1 3 2, st
“(t) = s=lg~ =2 __(t— et 27
PO = [ (=n e = =) (21)
For 1/2 < s < 1, setting
s—L(s+1)
— 3
€= (%)H_l > 0.
By 2/3 <t <1, we have (t —2/3)/t < +. Therefore,
1 1.6 t—2/3 t—2/3 ¢
s= L)+ 2 (4 ) T (L2 e
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that is
s+1 s 2 s+1 2
st > (s+ 1)(t —2/3)t —|—5(t—§) ;3 <t< 1. (28)
By (26)-(28), we get for each t € (2/3,1] that
p(t) = (1+e)p™ (D). (29)

If 0 < t < 2/3, then

/Ot(t - T)571a+(T)dT = /Ot(t - 7)571(2 —37)dT > 0, (30)
and

/ (t— T)Silaf (r)dT =0, (31)
0

which implies (29) holds also for any ¢ € (0,2/3]. Thus, a satisfies (Hz). Similarly, we can get b
satisfies (Hz2). Applying Theorem 2.4, we know that there are numbers A*, u* > 0 such that system
(25) has at least one positive solution.

4 Conclusion

This paper investigates the existence of positive solutions of the nonlinear fractional differential
system. The peculiarity of this coupled equations is the coefficient functions a(t) and b(t) change
signs, unlike the works in the literature keeping the signs of a(t), b(¢) unchanged. On the basis of a
nonlinear alternative of Leray-Schauder type and Krasnoselskii’s in a cone, sufficient conditions on
a(t), b(t) guarantee the existence of positive solution of the coupled equations are obtained. Further
work will focus on the numerical solutions to the specific issues.
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