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Abstract

In this paper, we determine coefficients bounds for functions in certain subclasses of analytic
functions of complex order, which are introduced here by means of the nonhomogeneous Cauchy-
Euler differential equation of order m. Our main result contain some corollaries as special cases.
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1 Introduction and Definitions
Let A denote the class of functions of the form
fR)=z+> arz" (1.1)
k=2
which are analytic and univalent in the open disk &/ = {z : |z| < 1}. A function f(z) € A is said to be

starlike of complex order v(y € C* := C\ {0}) and type 3(0 < 8 < 1), that is f(z) € S;(B), if and
only if

Re{1+%<z}cé§)—1)}>ﬁ (2 €U;y €T, (1.2)

*Corresponding author: E-mail: maslina@ukm.edu.my



www.sciencedomain.org

British Journal of Mathematics and Computer Science 4(17), 2516-2520, 2014

and is said to be convex of complex order v(y € C*) and type 5(0 < 8 < 1), denoted by C () if and
only if

12f"(z) , .
Re{1+’y 70 }>6 (zelU;yeCh). (1.3)
The classes S3(8) and C, () were introduced by the first author in [1]. Note that S7(0) = S and
C,(0) = C, the classes considered earlier by Nasr and Aouf [2] and Wiatrowski [3]. Also, S7(8) =
S*(B) and C1(8) = C(B) which are, respectively, the familiar classes of starlike functions of order
B(0 < B < 1) and convex functions of order (0 < 8 < 1).

Let Q(v, A, u, B) denote the subclass of A consisting of functions f(z) which satisfy the following
condition

12D (2) + A= wzf () + A=A+ wf)

where0 < u <A< 1;0<p8<1;yveCand z € U.

For 1 = 0, the class Q(~, A, i, 8) reduces to the class SC(v, A, ) introduced by Altintas et al. [4].
Clearly, we have Q(v,0,0, 8) = S;(8) and Q(v, 1,0, 8) = C, ().

In the present paper, we propose to derive some coefficient bounds for the class Q(v, A, u, 8)
and also for functions in the subclass #(~, A, u, 8, m; ) of A, which consists of functions f(z) € A
satisfying the following nonhomogeneous Cauchy-Euler differential equation of order m :

P (oo s ) e Pl o
j= =

(w=f(2);9(2) € Qy, A 1, B), ¢ € R\(=o0, —1]ym € N":= N\{1} = {2,3,..}).

2 Coefficient Estimates
We begin by obtaining coefficient bounds for functions in the class Q(v, A, i, 3).

Theorem 2.1. Let the function f(z) € A be given by (1.1). If f(z) € Q(v, A\, u, B), then

[T+2(1-8)
L P ey vy UL LRL @
where 0 < u <A< 1;0< B < 1,andy € C*.
Proof. Let the function F(z) be defined by
F(z) =Mz’ f"(2) + A= w)zf'(2) + A=A+ p)f(z) (f € Az €U). (2:2)

Then F(z) is analytic in & with F(0) = F’(0) — 1 = 0. From (1.1) and (2.2) it is easily seen that
Flz)=z+Y A" (z€l).
k=2

where
A =1+ Ak +X—p)(k—D]ar (ke N"). (2.3)
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Define the function p(z) by
1 (zF'(2)
1+ (55 -1) -8
1-p

p(z) =

or, equivalently,

2F'(2) = F(2) = v(1 = B)(p(z) — 1)F(2) (2.4)
then p(z) = 1+ciz+c22%+- - - is analytic in U and Re{p(z)} > 0. Therefore, we have |c,| <2 (n €
N). From (2.4), it follows that

(n—1)A, =71 —-PB)(ch—1+ cn-242+ -+ c14n_1).

In particular, for n = 2, 3,4, we have

IN

| Az 2y (1 =$),

2 A=A +2 (1 - B
2! '

|As]

IA

and
4, < 2010 =B+ 21 (A = B2+ 2]y (1 = §)]
4| < 3 ;
respectively. Thus, by using the principle of mathematical induction, we obtain

T l+20h (- 5]
|4, < =2 Y (n e N"). (2.5)
From (2.3) it is clear that
Ap =14+ Qpn+A—p)(n—1)]a, (n€N"). (2.6)

Now the inequality (2.1) follows immediately from (2.5) and (2.6). This completes the proof of
Theorem 2.1. O

Putting » = XA = 1 in Theorem 2.1, we get the following corollary.

Corollary 2.2. Let the function f(z) € A be given by (1.1)and satisfies the condition

1 (22" () + f(2)]
R8P+V<ZW%d+ﬂ@ Q}>ﬂ @7
then o
_Ijo[j +2[v[(1 - B)]
lan| < 2= (n € N*), (2.8)

~ (n?2—n+1)(n-1)!
where0 < g < 1,and v € C*.
Putting 1 = 0 in Theorem 2.1, we get the following result obtained by Altintas et al. [5].

Corollary 2.3. Let the function f(z) € A be given by (1.1). If f(z) € SC(~, A, ), then
n—2
_HO[J' +2y (1 - B)]
j=

(n—11+ A(n —1)]

lan| < (n € N"), (2.9)
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where0 < A< 1;0<B8<1,and~ e C".
Finally, we prove the following theorem.

Theorem 2.4. Let the function f(z) € A be given by (1.1). If f(z) € H(vy, A\, i, B,m; ), then

TG +2h -8 T C+5+1)
lan| < =0 = (m,n € N, (2.10)
(n— DL+ (Apn + A —p)(n —1)] -1;[0 (C+j+mn)

where0 < n <A< 1;0< B <1;y€C*and ¢ € R\(—o0,—1].
Proof. Let the function f(z) € A be given by (1.1). Also let

g(z) =z + Zbkzk € Q(7, A, 1, B)-

k=2

Then from (1.5), we get

1

m

I (C+i+1)
an = | 2= b (nEN"CE R\(—o0,—1)).
[1C+j+n)
7=0
Thus, by using Theorem 2.1 , we readily obtain the inequality (2.10) . O

Putting © = XA = 1 in Theorem 2.4, we get the following corollary.

Corollary 2.5. Let the function f(z) € A be given by (1.1). If f(z) satisfies the equation (1.5) and
g(2) = z+ 3 bp2" satisfies the condition (2.7), then
k=2

TG +2h (-8 TT C+7+1)
lan| < 2= wimd (m,n € N*), 2.11)

(w2 = n+ Dn—D!'TL (C+5+n)

where 0 < B < 1;v € C* and ¢ € R\(—o0, —1].
Putting © = 0 and m = 2 in Theorem 2.4, we get the following result obtained by Altintas et al.

[5].

Corollary 2.6. Let the function f(z) € A be given by (1.1). If f(z) satisfies the nonhomogeneous

s}

Cauchy-Euler differential equation of order 2, given by (1.5) and g(z) = z + Y. by2" satisfies the
k=2
condition (2.7), then

€+ 06c+2) Tl +2hl - p)
lan| < (n— DL+ Oun+A— @) n— 1] +n)(C+n+1) (n €N, (2.12)

2519



British Journal of Mathematics and Computer Science 4(17), 2516-2520, 2014

where 0 < A< 1;0< 8 < 1;7 € C* and ¢ € R\(—o0, —1].

A similar work can also be referred to Eker et al. [6]. In this article they studied the Dziok-Srivastava
operator.

Open problem: Is it possible to solve problems related to the Fekete-Szegd theorem as given in [7]?
It is yet to be solved.
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