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Abstract

The aim of this paper is to evaluate and study the Kullback—Leibler divergence of the yv—ordered
Normal distribution, a generalization of Normal distribution emerged from the generalized Fisher’s
information measure, over the scaled t—distribution. We investigate this evaluation through a series
of bounds and approximations while the asymptotic behavior of the divergence is also studied.
Moreover, we obtain a generalization of the known Kullback—Leibler information measure between
two normal distributions, as well as the K-L divergence between Uniform or Laplace distribution
over Normal distribution.
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1 Introduction

The divergence of information, as a measure of distance between two distributions, attracts special
theoretical interest, while various measures have been introduced. The Hellinger distance, being one
of them, is an f—divergence measure, see Kamps (1989). Another such measure is the Kullback—
Leibler (K-L) divergence (or relative entropy) which is widely used in applied sciences, especially
in Signal Processing. It is a significant measure concerning the divergence of the “amount” of
information which characterizes certain Input/Output (I/O) systems.

In this paper we study the K-L divergence of a three parameter generalization of the Normal
distribution, known as the y—ordered Normal, over the scaled ¢—distribution. Emerged from a Loga-
rithm Sobolev Inequality Kitsos and Tavoularis (2009a), the family of y—ordered Normal distributions
provide a “smooth bridging” between Uniform, Normal, Laplace and the degenerated Dirac distri-
butions, see Kitsos and Toulias (2012, 2011). For further reading, see also Kitsos and Toulias
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(2010a,b). The evaluation of this K-L divergence can be applied in I/O systems that their Input and
Output states are described by a wide range of distributions as the v—ordered Normals N, and the
scaled ¢, —distributions with v degrees of freedom. Both A/, and ¢, families can be considered as two
different generalizations of the Normal distribution A'(u1, o%) in the sense that Vo = A and to, = N.
Therefore, 1/0 systems with their different states described by distributions “close” to Normal, can be
analyzed in terms of their information divergence.

Recall the following definition of the v—ordered Normal distribution Kitsos and Tavoularis (2009a,b).

Definition 1.1. The random variable X follows the n—variate, y—order generalized Normal A} (11, 2)
with mean vector u € R™ and positive definite scale matrix > € R™*™, when the density function fx
is of the form

J S
fx(z; p, X,y) = CF|det 2\71/2 exp{fWT_lQ(:p) 2(v-1) }, z € R", (1.1)
with Q being the quadratic form Q(z) = (z — p) X' (z — p)*. We shall write X ~ N7(11,X). The
normality factor C?; is defined as

LG D ooy ynist (1.2)

~

or = ﬂ_—n/2
v P(nit +1)

Parameter v is a real number outside the interval [0, 1]. Notice that, for v = 2, N3'(u, ) coincides
with the well known elliptically contoured multivariate Normal distribution.

Recall the K-L divergence of random variables P over @, defined by Kullback and Leibler (1951)
as

_ p(x)
DrL(P,Q) = R/ (@) log Z . (13)
where p and ¢ being the probability densities of P and @ respectively. Moreover, we shall denote
by Dk the known K—L information measure between two normally distributed random variables
X ~ N(p,0?) and Z ~ N (0, 03), which is known to be

2
DKL:DKL(X,Z):%OogZ—g—l—f—%)+%\,u—,uo\2. (1.4)

The main result of this paper concerns a series of bounds for the K—L divergence of the univariate
~y—ordered Normal distribution over the scaled ¢,—distribution. Moreover, there is a particular order of
the evaluated bounds, see Theorem 2.1 and Corollary 2.4 in Section 2. For degrees of freedom v —
oo we come across to a generalization of D, which is obtained in an exact form, see Theorem 2.2.

Recall that the probability density function fy of a t,—distributed random variable Y with v
degrees of freedom, mean uo € R, and scale parameter oy (i.e. ¢, is the scaled form of usual
t,—distribution), is given by

_vtl
fr(@ po,ofv) = KT 1+ (552’ eR, (1.5)
with normality factor
(4
T, = —2-~. (1.6)
VorT(3)

2 K-L divergence of the yv—ordered Normal
over the scaled t—distribution

We investigate the K-L divergence measure D, , of the univariate y—ordered Normal distribution
N, (1, 0%) over the scaled t,—distribution ¢, (uo, 00). For X, ~ N5 (i, 0?) and Y, ~ t, (o, 03) where
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t, is the scaled t—distribution we shall denote D, = Dxw(X,Y%). The following Theorem provides
an upper bound for D .

Theorem 2.1. The K—L divergence D, ., of the y—ordered Normal random variable X, ~ N.,(u, o?)
over the scaled t,—distributed random variable Y, ~ t,(uo, o3), has the following upper bounds B, v,

Dyw < By = logC%erlog%—'YT_le
-1
vt |22 L85 )0 i @)
2v ~—1 l—\('yfl) o'% oo !
v
where
/o T(2
o = Q_JW—(Q)(%I)UW. (2.2)
20 T(H) 7

Proof. From the definition of the K-L divergence (1.3) and the probability densities fx and fy,, as
in (1.1) and (1.5) respectively, we obtain

Dy =10} [(logCyw +1log 22) It — I + “EL I5] (2.3)

where C,,, defined as in (2.2) and the integrals I;, i = 1,2, 3 are given by

I1:/exp{ 11 (L — ) 7T }da:

R

B2 o — a7 exp{ =22 (e — ) 7 i, and
R

13=/e><p{ Ll (Le —p) T }log( + o3 \w—uo\)

Substituting z = (2=4)"/75™! (z — 1), we get respectively

N
-1 =T
— Y N —|z|Y
L=o(3%) " /6 dz,
R

—1 x5
B=o(z2) S [1e7Te T s
R

and 3
_ - —1
h=o(;) 7 [ 1log{1+%Kﬁ)%azw—w}da (2.4)
’UO’O
R

Recall the known integrals

/ef‘z‘/d =23" 1F ) and /|z|5 1417 gy = %/ef‘z‘ﬁdz. (2.5)

R R

Therefore, the above I; and I» integrals become
—1
I=20(-2)"7 T'T(3t) and I = 2210, (2.6)

respectively. Thus, (2.3) is reduced to

Dy = 0*10,1[1 (log Cy,v +log ? — WT*1> + 1);710,1[3.
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Substituting I; from (2.6) and using C; from (1.2) then D,,, can be written as

(=H5 et

D,, = L [10 oL+ (10 Lu—ﬁ)]
T TET ey @ (e TP T
vtl (ﬁ)%fs

4oT(5+ 4+1) 7

and applying the gamma function additive identity, we are reduced to

v+ 1

i T e

~y

D,,, =log C’;U + (log 20— L_l) +

~

Notice that, the multivariate function in the integral of (2.4) is positive, and so, using the known
logarithmic inequality log(z + 1) < z, > —1, relation (2.4) implies

y=1 ‘2

Jiie
(Z2=) 7 oz 4+ p— po e 1 4z, (2.8)

nd =t a
I < (ﬁ) K mrg /
and therefore
7 )35t 2 |z 7T =1 o [ T
Is < (5%5) 7 W/Me dz + (245) 7 WW*MOI /e dot
® R
o2 Y 22=1 *\Z\%
255G |M—u0|/ze dz.
R

The second integral of the above inequality is calculated using the first relation of (2.5) while the

third integral is vanished as its integrand is an even function. Thus,

—1 X —1
Bo< )T [0 a2 T T e - il TOS) 40

2 —
vo‘o’yl

Rt

3y
321 5,8 —230-1) | 3 2r(2= =t
= (T [T b e ol PO 1)

Ry

Applying the first relation of (2.5), the inequality above is reduced to

I () ()T Nz [P 0? T + TSk — wol?]

y—1 vod |\
Finally, substituting the above relationship into (2.7), we get

Dyo < logCho+log 20 — 104

v+1 y=1 2 _ _ _
20T (=) [(ﬁ)Q 7 73”3771) +002F(WTI)\M—MO\2] ;
=

and hence (2.1) has been proved. O

We consider now the normal distribution instead of ¢,—distribution, i.e. we investigate the limiting
case of v — oo. Then, following Theorem 2.1, we can evaluate the K-L divergence D, . deriving an
exact form for the divergence (without bounds as in Theorem 2.1).
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Theorem 2.2. The K—L divergence D1 (X,,Z) = D, . Of the random variable X, ~ N, (u,c?)
over the normally distributed random variable Z ~ N (uo, od), is given by

/2 1,21 1
oo - 1 — (= v 1 %0 _ 2—2 +
D»y, Og{r(»\,wl 1)( ~ ) }+ og — 5

-1
(-2 2L§1M
y—1 21‘*(7*1)
S

(2.9)
g \2 1| p—po 2
(7)) 3|

ED)

Proof. From the proof of Theorem 2.1, substituting (2.4) to (2.7), we get the K-L divergence

v

D, =logCy .y +log 20 — =1 4 11 (2.10)

v =1y’
NE=D)
417 2 v+1
I= /ef‘ZIAY log{l+ # } dz.
0
R

The K-L divergence of A, (11, 0%) over N (po, a3), is the divergence D, oo = limy—00 D0, @s the
scaled t, (1o, od) distribution is, in limit, the normal A (10, 03) when v — co. The sequence

o)
bu—W, (2.11)

2

where

T
o(555) 7 z+p—po

tends to v/2 as v — oo. In particular, te (1, 0%) = N'(p, o%) implies that lim, o fx = fz, Where fx
and fz are the probability densities of the ¢,—distributed random variable X ~ ¢, and the normally
distributed Z ~ N(u,o?) respectively. From the definitions (1.5) and (1.1), for v = 2, of these
densities fx and fz, it is clear that lim, ., T}, = C3, i.e. 77 /?1lim, 0 by ' = (27)"*/2, and hence
lim, o by = v/2. Therefore, substituting the factor C., ., from (2.2) into (2.10), and applying the limit
of sequence b, — /2 together with the fact that lim, o (1 + v~ ')” = e, we derive

_ VT —1, 2=t o -1 7—1
Dwo_log{\/w(y) ~ +1og7°f”7+r(%l), (2.12)

-

R
Calculating the integral I in (2.12) as the integral in (2.8), we derive

where

y—1 2 ‘2‘%
o (2 p=po |” o=
(55) 7 et e e dz.

_ - =1 _ _ _
I=2222 [(2)(325)°77 TE3E) + D52 Lxe ],
and by substitution in (2.12), we finally obtain (2.9) with the help of the known gamma function additive
identity, I'(x + 1) = z I'(x), = € R4. O

Notice that, for the “normal” order value v = 2, we readily get from (2.9) that D2 oo = Dk as it
is expected, with D, as in (2.3). This is true, as D, is reduced to the K-L divergence between
two Normal distributions. Therefore, D  generalizes the K-L information measure Dk, defined in
(2.3).

The Uniform and Laplace distributions are members of the family of the y—ordered Normal
distributions, see Kitsos and Toulias (2011, 2012). Therefore, Theorem 2.2 can also provide the
K-L divergence of Uniform or Laplace distribution over Normal distribution. Indeed:
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Proposition 2.1. The K-L divergences of the uniformly distributed random variable U ~ U(a, b) or the
Laplace distributed L ~ L(u,0) over the normally distributed Z ~ N (o, 03), are given respectively
by

Dxr(U,Z) = D100 = 3 log g”g+ + 2002 |b+a — 2u0l°, (2.13)

120‘
Dxr(L,Z) = Dicoo = 1 log ”2 + % —1+0,  u— pol®. (2.14)

Proof. Recall that parameter v € R\ [0, 1]. For the I|m|t|ng order values of v = 1 and v = +oo the
~y—ordered Normal distribution coincides with the Uniform and Laplace distribution, i.e. we obtain that
Ni(pw, ou) = U — ouy i + ou) and Neoo (1, 0) = L(u, o), Kitsos and Toulias (2011).

(i) Forthe Laplace case of v — oo, setting -25 = 1 into (2.9) we derive (2.14).

(i) For the uniform case of v = 1, itis Dxz(U,Z) = D100 = lim,_,;+ Dy,00 With U € U(a,b) =
N1(pw, ou). Thus we rewrite (2.9), using the gamma function additive identity I'(z 4+ 1) =
zT(z), z € R4, in the form

. 71'/2 y—1 =1 1 o y—1
Dy = 103{1%(7) gl }-f—z(loggg—w)-&-

i P +1)
()7 7“@ Tyt s Ml — el
where e = “t% and oy, = %52, For v — 17 we finally derive (2.13).
Thus, Proposition has been proved O

Corollary 2.3. When the degrees of freedom v € N rise, the bounds B, ., as in (2.1) approximate
better the K—L divergence D, ,, for all defined v € R\ [0, 1].

Proof. Let a, the sequence a, = “**, v € N. Then a, — 1 and b, — V2 as v — co. Considering
the bounds B, , as in (2.1) when v — oo, it holds that B, - approaches the K-L divergence as in
(2.9). Thus, the equality in (2.1), is obtained in limit as v — oo, i.e. Dy,.c = B,,o and therefore the
bounds B, ,, approximate better the K-L divergence D, , as v € N rises, until B, , coincides with
D+, of Theorem 2.2 for every ~ values. O

Figure 1 clarifies the above Corollary 2.3 for v = 2.

Corollary 2.4. The bounds B, ., have a strict descending order converging {0 B,.o = D+, asv
rises, i.e. By1 < By2 < -+ < By oo

Proof. The sequences a, = “*! and b, as in (2.11) are descending sequences. As a result, from
the form of (2.1), we derive that B, 1 < B, 2 < --- < By,«. Thatis, as ¢,—distribution approaches
the normal distribution (when v — oo), the bounds B, ., have a strictly descending order converging
t0 By,00 = D00, S€€ Corollary 2.3. O

In other words, it is shown that when the ¢, —distribution approaches the normal distribution, the
bounds B, , of Theorem 2.1 converge, in a descending order, to D2 . Therefore, every B, , is
closer to D,,o than B, ,_1. See Figure 1 for an illustration of the above Corollaries 2.4 and 2.3
provided v = 2.

Corollary 2.5. For the normally distributed case, i.e. for v = 2, the corresponding bounds B, are
reduced to

Ba., = log Ff( (f)) [1og 14 vt (;'T toglu— uof)] . (2.15)

Moreover, if we letv — oo, then D2 oo = B2, = Dkr.
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Proof. Considering Theorem 2.1, for the “normal” order value v = 2, we readily get (2.15). Moreover,
due to limit of (2.11), relation (2.15) implies

. 1 03 o2 —2 2
vli)rr;OBz,v:Bz,oo:5(logp—l—s-a—gﬁ—ao T )

and through Corollary 2.3, B2 .o = Dk . However, Ds oo = D1, as D2 o being the K-L divergence
between two Normals, N (uo,0?) and N (u,o?). Therefore, from (2.1), we finally derive Dgy =
D2,oo S BQ,oo - DKL- O

Remark 2.1. We investigate now the question of “how good” the bounds B, ., of the K—L divergence
D,,, are. Corollary 2.3 shown that as the degrees of freedom v rises, the better the upper bounds
B,,, become approximating the divergence. Moreover, the bounds B, , also converging to the
divergence D,,,, when the scale parameter oy of the t,—distribution increases. This is due to the
use of the logarithm inequality log(z + 1) < x, > —1 utilized in the evaluation of (2.4) (which forms
B, ) The fact that the equality in this logarithmic inequality holds for = 0 implies that the logarithm
in (2.4) is close to zero as o9 — co. Thus, the inequality in (2.8) become better as oy is getting larger,
which leads to better bounds B, ., see also for confirmation Figure 1. Moreover, in case of u = po,
the bounds B, ., also converge to D,,,, as the scale parameters ratio o /oo tends to zero. Therefore,
the scale parameters behavior is essential for the behavior of the bounds B

This is why the next Theorem investigates the asymptotic behavior of D, ., with respect the to
scale parameters ¢ and oy.

Theorem 2.6. The K-L divergence of X., ~ N, (u,o?) over a t,—distributed random variable Y, ~
t. (o, o) is diverging logarithmically as the shape of Y or X., expands or shrinks respectively, i.e. as
the value of o rises or as o falls. In particular,

Dkr(X,,Y,) =logCy o + log 20 — 221, (2.16)

~

for large values of oo, while
Dicr(Xy,Yo) = 10g Cyyy +log 22 — 22 4 28 log {14 Lo | — o’} (2.17)
for quite small values of o (o0 — 0).

Proof. ltis clear from (2.4) that Is — 0 as 0o — oo and therefore, according to (2.7), (2.16) holds for
oo — 00, see Figure 3.
Substituting now (2.4) to (2.7) we have that, as o — 0,

0
D“/,v ZIOgC"/,v +10g% - 7771 + ( ( ’)Y )1 10g{1+ #‘M_NO‘Q}/Q_‘ZMil d27
0

Rn

and applying the first integral from (2.5) we obtain (2.17), see Figure 3. O

In case of u = po, the values of Dx (X, Y,) diverge logarithmically in the same way, either for
large oo or small o, i.e.

Dir(Xy,Ys) =logCy o +1log 22 — 755, as 2 — 0.

Also, notice that, asymptotically, Dk (X, Y,) does not depend on | — uo| for increasing values of
oo asin (2.16), i.e. Dxr(X,,Y,) values are independent of distance between (the locations) of X,
and Y, for large values of oo. However, this is not true for the asymptotic behavior of Dx (X, Y%)
when ¢ — 0, as shown in (2.17).

For the “normal” order v = 2 the asymptotic behavior of Dk, is given in the following Corollary.
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Corollary 2.7. The K—L divergence of a normally distributed Z ~ N (u,c?) over a t,—distributed
Y, ~ t,(uo, 03) is given, asymptotically, by

21} 1;52! ) va-o
W + bl (log 1) , v even,
_ N )
D2 = log % (log %9 1) v>1, vodd, (2.18)
2
log V7 + 3 <log20—2—1> v=1,

for large values of oo, where z*) = x(x + 1)...(x + k — 1), k € N\ 0, z € R is the rising factorial
(Pochhammer function), while the asymptotic values of Dk (Z,Y,) for small enough o are given by
(2.18) added by the quantity *+* log{1 +v "oy *|p — po|*}

Proof. Theorem 2.6, for the “normal” order v = 2, implies

Ds, = Dir(Z,Y,) =log K, + % (1og vog ) , (2.19)
for large oo values, where K, = F(g)/ (), veN.
(i) Case of v € Neven. ltis K, = “32!/T'(*t!) and therefore, applying the known gamma
identity
2k — 2k)!
e+ =z O a kew, (2.20)
we get
2v 3102
K’u — 2 2
NI
and finally, 28 — (k+1)®, k € N\ 0 (implied through the rising factorial

notation) we obtain the first branch of (2.18).
(i) Case of v € N odd. From (2.20) and the fact that I"( £

) = (%51)!, we have

K~ =D Test4g) VA CE)

PG S it

and hence we obtain, for v > 1 and v = 1 respectively, the two last branches of (2.18).
Considering (2.17), the asymptotic values of Dk (Z,Y,) as o — 0 are given by (2.18) added by
2t log{1 + v "oy ?|p — po|*}. Figure 3 demonstrate this Corollary. O

A more “compact” form of the upper bound of D, ., i.e. without the involvement of gamma
functions, is given below.

Corollary 2.8. It holds,

Eyo+tlogstrs, 7<2

Dy < Bys T2 e (=1 ’ 2.21
v - v < { E’y,1)7 ,Y > 27 ( )

where L

e v 25 a2
By =log{(55)"T 2} + 5 [% (22) 7 =+ %glu—uoﬁ] , (2.22)
while for vy = 2,

Do,y < Baw < U5t log 45 + log %2 + UEL (%—F%\M—MOP). (2.23)
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Proof. Utilizing the gamma function inequality Chen and Qi (2006),

1
b—1 b—5
b7 oo JTO) D72 e ooy, (2.24)
a1 I'(a) aa—%

a simpler form of the bound of Theorem 2.1 can be obtained. In particular, applying (2.24) into
T(3751)/T(51), we get

3 y— l Y— 1777
27)““1wuwfﬁv7 (2.25)
while for T'(2)/T (%), itis .
rreiny < Gi)E YT (2.26)

We distinguish now the following three cases.
(i) Case~y > 2. Inthis case, 5 < %1 and therefore, using the inverted ratios of (2.24), we have

1 N 13
\fl = 53)1 < 2672727(2)%1 =1, (2.27)
=) I'(%0) (=
(i) Case~ < 2. Inthis case, 3 > 2= and therefore using (2.24), we have

211 (2.28)

(ili) Case v = 2. Applying (2.26) into (2.15) we get (2.23).
Substituting (2.25), (2.26), (2.27) or (2.25), (2.26), (2.28) in (2.1), we derive, after some calculations,
(2.21) and Corollary has been proved. O

Notice that, the new upper bound, as in (2.23), also converges to Dk (When v — o0), as Bz,
does. This is true because (2.23) implies

Dr = lim By, < lim {(*5* 1)10gvil}+%(log + % %Hu—uollQ)
1tv 1 o2 o2 2
= log hm(l——) 2 ‘*‘5(10%72‘*'%‘*‘73”#—#0”>:DKL~

Therefore, the new upper bound, as in (2.23), preserves the same “good” property as B-,, of con-
verging to Dk as v — oo. Moreover, also preserves the same asymptotic behavior as B, of
converging to D, for 9 — oo or o — 0.

We now state and prove the next Theorem which provides a series of upper and lower bounds
for D ., through a finite sum expansion of B, ..

Theorem 2.9. The K-L divergence D, ., of the y—ordered Normal distribution N, (1, c*) over the
scaled t,, (11, o) distribution with the same mean p, is bounded from

By s(2m) < Dyw < Byo(2m—1), meN\O, (2.29)

where

me):bﬂm+mﬂ—%¥

. (2.30)
A S G [ ] r ().
Yy
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Proof. From the the known series expansion

log(1+x) =Y G1 DI 2] < 1, (2.31)
k=0
it is true that, for the finite sums, we have
& 2m—1 N
Z( oot <log(l+z) < Y L™ 2>0, meN (2.32)
k=0

Thus, from the right—hand inequality of (2.32) the relation (2.4), provided that ;1 = o, implies

2m—1 g 2(k+1)

y—1 k 'y 1
(=1) ~ 2 (k+1) (k1) = 12| 7= E=
13<U(7_1) v Z k+1 kJrlo.z(;chl)(»Y 1 /| | dz
k=0

To calculate the integral of I3 above, we switch to polar coordinates, i.e.

o=t R Y easta, [ a7
I3 <o(529) Z e 2(k+1)(~,71) 2/ e dp| ,
k=0 A
Ry
and applying the transformation w = (2k + 3)~!p?*3, we have

I L O A LT T e (k+1) 2(k+1) . T
L<20(2)5 |30 D) — /e*w” D
-1 ~ (k+1)(2k+3) vk+1gg(k+1)
= R,

Applying the first integral from (2.5), we get,

2m—1
y=1_ 1)k y=1 2 k+1 _
L<2o(2) 5 Y Gl [(ﬁ)z’ 5 Mg] r((2k+3)%). (2.33)

k=0

Finally, substituting I3 from (2.33) in (2.7), we get the right—hand inequality of (2.29).
Similarly to the above procedure, the left—hand inequality of (2.29) can be proved and therefore
(2.29) holds. O

Notice that, the the series of the upper bounds B, ,(2m — 1), m € N generalize the upper bound
B, as in (2.1) in the sense that B,,., = B,.(1). Moreover, using the first- and second—termed
expression of (2.30) we are reduced to the following Corollary.

Corollary 2.10. The K-L divergence D., oo = Dk r(X,,Y,), with X, ~ N5 (i, 0?) andY, ~ t, (i1, 03),
can be bounded from

log M + 2“;% (VarXy)ky, <Dy, <logM + 2“;% Var X, (2.34)

where
kyw =1— 5 Var X, [Kurt X, + 3],
0

and
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Proof. The variance and kurtosis of the y—ordered Normal random variable are given respectively by
Kitsos and Toulias (2011)

21 T32EY)
Var X, = (29)* 75 W%Wl)o , and (2.35)
F(ﬁ) F(5Ll) )
For m = 1, the bounds as in (2.29) can be expressed, through (2.35) and (2.36), as in (2.34). O

Corollary 2.11. The bounds B~ (m) of the K-L divergence D~ ~, converge to D, . as the degrees
of freedom rises, i.e. By ,oc(m) = D4, for everym € N\ 0.

Proof. Recall b, from (2.11) with lim,_, b, = v/2, and the descending sequence ¢, = (v + 1)/v" !,
k € N for which

i — 1, fork=0, (2.37)
imc, = lim 3t = .
v—yoo v—yoo VT 0, forkeN\O.

Thus, from (2.30), we derive that By o(m) = limy_e Byv(m) = Do, m € N\ 0, see Figure
2. Therefore, the B, ,(m) series of bounds have the same “good quality” as B,,, in Theorem 2.1
regarding the convergence to D, , when v — oco. Therefore, the higher the degrees of freedom v are
the better the bounds B, ., (m) become. O

Corollary 2.12. The K-L divergence Dk (Z,Y,) of a normally distributed random variable Z ~
N™(u, 0%) over the t,—distributed Y, ~ t,(u,o3) with the same mean ., is bounded from

Bz,u(2m) < DKL(X, Yv) < Bg,v(Qm — 1)7 m e N\O7 (238)

where

v m= k k+1
Bz,v(m)zlogi)—klog —14 Z —1) ( ) (L)) (2.39)

while for every m € N\ 0,

lim Bgyv(m) = % (10g§ -1 + %z) = DKL-
0 0

V—>00

Proof. For the normal order v = 2, (2.30) implies (2.38) where
\/g (%) g0 1 S

gy tlog T -5+ Z

r(*3) =0
Utilizing the gamma function additive identity, we have that
Dk+3)=(k+3)T(k+3) =(k+3)(k—1+3)3T(),
and through the rising factorial symbol, we get
Pk+3) = ()*VT(G) = ()" Vrken.

Therefore, from (2.40) we finally derive (2.39).
Considering now lim,, . b, = v/2 with b, as in (2.11), we get

Bs,w(m) = log

D) ey (240)

lim Bz ,(m) = log 22 — l 2"2 ( lim “—H) +
v—oo GO v—oo Y
m—1
1 k[ 2 \ R o,
NG [Z wr(5) rerdim } v
k=1
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and using (2.37), we obtain

2
. _ oo _ 1 o
vlggoBg,v(m) =log? — 5 + 397

This result was expected, as D2, = Dk, (provided that u = po), see also Figure 2. O

Corollary 2.13. The values of the K-L divergence Dk 1,(Z,Y,) as in Corollary 2.12 can be approximated
as

D> (Xy)Nlogw (2.41)
KL y Lo 2U+3/2ﬁ1—‘(v§1)‘ .
Proof. Recall By, (m) as in (2.39). Using the fact that (1) > (1)¥*1, then
li B ~1 \/gr(%) 1 o) 1 v+1 1 o
im Bs,(m) ~ Og@‘f' 085 —3 T 5 08,7
due to (2.31), and from (2.38) we finally derive (2.41). O

The above discussion shows that as the degrees of freedom v rises, the better the upper bounds
B,.»,(2m — 1) or the lower bounds B, ,(2m) become, converging to the K-L divergence D, ., see
Figure 2. Moreover, the bounds B-,,(m), m € N\ 0 are also converging to D, when the scale
parameter oo of the t,—distribution increases, i.e. o9 — oo. This is the case because the series
expansion in (2.31), as well as the finite sums in (2.32), used for the evaluation of (2.29), satisfy the
equality for z = 0. This implies that the logarithm in (2.4), used for the proof of (2.29), is close to zero
as oo — 00. Thus, the better the inequality in (2.4) becomes, which leads to better bounds B, ,(m),
see also Figure 2 for confirmation. In case of u = uo, similar to the above line of thought, the series
of bounds B, ,(m) converge to D, , as the scale parameter ratio o /o, tends to zero.

3 Discussion

This paper studies the K—L divergence D, . of the generalization of the Normal distribution, the v—
ordered Normal, over the scaled t,—distribution, providing a series of bounds which approximate D,
under certain conditions. Moreover, a generalization of the K-L information measure Dx, as in (2.3)
is obtained in Theorem 2.2, which provides also the K—L divergence of a Uniform or Laplace over
Normal distribution.

For visualization purposes of the results in Section 2 we present and discuss the following
Figures.

1. Figure 1 demonstrates the behavior of the upper bounds B- , forv =1,2,...,5, as evaluated
in Corollary 2.4. These B-, curves are compared with the depicted actual graphs of their
corresponding K-L divergences Dxr(X2,Y,) for v = 1,2,...5,00, evaluated numerically
through (2.3), where Xo ~ A (u,1) and Y, ~ t,(u, o) are located in same arbitrary mean
weR.

One can easily notice the strictly descending order of these bounds, i.e. Bs1 < Bz22 <

- < B as proved in Corollary 2.3. Also, notice that these bounds are “quite good”
approximations of Ds, and D, for large enough values of the scale parameter oy, see
Corollary 2.7. Moreover, as the t,—distribution approaches the normal distribution (i.e. when
v — o0) the corresponding bounds B, are getting closer to D, , until they all coincide for
v = 00, as shown in Corollary 2.4, i.e. B2,oc = D2,0c = Dxr.

2. Figure 2 illustrates the behavior of the upper bounds B, (5) as well as the lower bounds
B, ,(6) for v = 1,2,3 as evaluated through Corollary 2.12. These bounds are compared
to the actual values of Dk (X2,Y,) also depicted for v = 1,2,3,00 (as in Fig. 1), where
Xo ~ N(p,1) and Y, ~ t, (1, 03).
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L L L Nox
7 3 § 500

-

Figure 1: Graphs of the upper bounds B, across oo for various v where Xo ~ N(u,1) and
Y, ~ t,(u, 03), together with their corresponding K-L divergences Dx (X2, Y,), 1 € R.

Notice that these bounds, like B2, in Fig. 1, are indeed “quite good” approximations of D, ,, for
large enough values of the scale parameter oo. Moreover, as the t,—distribution approaches
the normal distribution (i.e. v — o) the corresponding upper Bs, .,(5) and lower B ,,(6) bounds
are getting closer to D2, until they all coincide for v = oo, as proved in Corollary 2.11, i.e.
Bgyoo(m) = DQ’oo(m) = DKL.

Dy, v=1,2,5
D‘l.oazB‘.%.oc
ol
£<i’
> I
=
ol
Q L
n ‘/"'
Bl |

Figure 2: Graphs of the upper Bz, (5) and lower B: ., (6) bounds across oy for various v, where
Xo ~ N(u,1) and Y, ~ t,(u,03), together with their corresponding K-L divergences D (X2, Y,),
neR.

3. Figure 3 illustrates the asymptotic behavior of D2, (X2, Y, ) for large oo (left-side) or small o
(right—side) with various degrees of freedom v through the depiction of A2 , (X2, Y, ) asin (??),
together with their corresponding actual K—-L divergences D2 ,(X2,Y,) for any u € R. The
random variables X2 ~ A (u,1) and Y, ~ t,(u, o3) were used in Fig. 3a while X5 ~ N (1, 0%)
and Y, ~ t,(p, 1) (Y, is the usual, not scaled, ¢,—distribution) were used in Fig. 3b.

4. Figure 4 illustrates a series of the B,,—1,5(m) upper bounds in various m—termed forms as in
(2.30). For the v = 1 case see Fig. 4a while for the v = 5 case see Fig. 4b.
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Figure 3: Graphs of As:1(X2,Y,) across oo (Fig.

corresponding K—L divergences D2 1(X2,Y,), n € R.

kol Da.
e By (1) = By,

By (m+1), m =10,20,...,170

3a) and o (Fig. 3b), together with their

By s (m+1), m =10,20,...,170

)

; s s L s s L s s L L e
| 2 3 4 § ] 1 8 9 0 I 12

Figure 4: Graphs of the upper bounds B. ,(m) across oy forv = 1 (Fig. 4a) andv = 5 (Fig. 4b),
evaluated with various odd m—terms, where Xo ~ N(u,1) andY, ~ t,(u,03), together with their

corresponding K—L divergences D3 1(X2,Y,), n € R.
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